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(57) ABSTRACT

Various components of the present invention are collectively
designated as Analysis of Variables Through Analog Rep-
resentation (AVATAR). It is a method, processes, and appa-
ratus for measurement and analysis of variables of different
type and origin. AVATAR offers an analog solution to those
problems of the analysis of variables which are normally
handled by digital means. The invention allows (a) the

1ST SCALAR FIELD
OF DISPLACEMENT VARIABLE

improved perception of the measurements through geo-
metrical analogies, (b) effective solutions of the existing
computational problems of the order statistic methods, and
(c) extended applicability of these methods to analysis of
variables.

The invention employs transformation of discrete or con-
tinuous variables into normalized continuous scalar fields,
that is, into objects with mathematical properties of density
and/or cumulative distribution functions. In addition to
dependence on the displacement coordinates (thresholds),
these objects can also depend on other parameters, including
spatial coordinates (e.g., if the incoming variables are them-
selves scalar or vector fields), and/or time (if the variables
depend on time). Moreover, this transformation of the mea-
sured variables may be implemented with respect to any
reference variable. Thus, the values of the reference variable
provide a common unit, or standard, for measuring and
comparison of variables of different natures, for assessment
of mutual dependence of these variables, and for evaluation
of changes in the variables and their dependence with time.

The invention enables, on a consistent general basis, a
variety of new techniques for analysis of variables, which
can be implemented through various physical means in
continuous action machines as well as through digital means
or computer calculations. Several of the elements of these
new techniques do have digital counterparts, such as some
rank order techniques in digital signal and image processing.
However, this invention significantly extends the scope and
applicability of these techniques and enables their analog
implementation. The invention also introduces a wide range
of signal analysis tools which do not exist, and cannot be
defined, in the digital domain. In addition, by the present
invention, all existing techniques for statistical processing of
data, and for studying probability fluxes, are made appli-
cable to analysis of any variable.
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E.G., SURFACE (IMAGE) GIVEN BY MATRIX CAN BE VIEWED AS DISCRETE ENSEMBLE.

D anp R, ARE PARAMETERS OF PROBE. D IS ANOTHER VARIABLE (NORMALLY OF
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METHOD AND APPARATUS FOR ANALYSIS OF
VARIABLES

CROSS REFERENCES

[0001] This application claims the benefit of U.S. Provi-
sional Patent Application No. 60/223,206 filed on Aug. 4,
2000.

COPYRIGHT NOTIFICATION

[0002] Portions of this patent application contain materials
that are subject to copyright protection. The copyright owner
has no objection to the facsimile reproduction by anyone of
the patent document or the patent disclosure, as it appears in
the Patent and Trademark Office patent file or records, but
otherwise reserves all copyright rights whatsoever.

TECHNICAL FIELD

[0003] The present invention relates to methods, processes
and apparatus for measuring and analysis of variables,
provided that the definitions of the terms ““variable” and
““measuring” are adopted from the 7th edition of the Inter-
national Patent Classification (JPC). This invention also
relates to generic measurement systems and processes, that
is, the proposed measuring arrangements are not specially
adapted for any specific variables, or to one particular
environment. This invention also relates to methods and
corresponding apparatus for measuring which extend to
different applications and provide results other than instan-
taneous values of variables, The invention further relates to
post-processing analysis of measured variables and to sta-
tistical analysis.

BACKGROUND ART

[0004] In a broad sense, the primary goal of a measure-
ment can be defined as making a phenomenon available for
human perception. Even when the results of measurements
are used to automatically control machines and processes,
the results of such control need to be meaningful, and thus
the narrower technical meanings of a measurement still fall
under the more general definition. In a technical sense,
measurement often means finding a numerical expression of
the value of a variable in relation to a unit or datum or to
another variable of the same nature. This is normally accom-
plished by practical implementation of an idealized data
acquisition system. The idealization is understood as a
(simplified) model of such measuring process, which can be
analyzed and comprehended by individuals. This analysis
can either be performed directly through senses, or employ
additional tools such as computers. When the measurement
is reduced to a record, such record is normally expressed in
discrete values in order to reduce the amount of information,
and to enable storage of this record and its processing by
digital machines. The reduction to a finite set of values is
also essential for human comprehension. However, a physi-
cal embodiment of an idealized data acquisition system is
usually an analog machine. That is, it is a machine with
continuous action, where the components (mechanical appa-
ratus, electrical circuits, optical devices, and so forth)
respond to the input through the continuously changing
parameters (displacements, angles of rotation, currents, volt-
ages, and so forth). When the results of such implementation
are reduced to numerical values, the uncertainties due to
either limitations of the data acquisition techniques, or to the
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physical nature of the measured phenomenon, are often
detached from these numerical values, or from each other.
Ignoring the interdependence of different variables in the
analyzed system, either intrinsic (due to their physical
nature), or introduced by measuring equipment, can lead to
misleading conclusions. An example of such idealization of
a measurement is its digital record, where the measurement
is represented by a finite set of numbers. It needs to be
pointed out that the digital nature of a record is preserved
even if such record were made continuous in time, that is,
available as a (finite) set of instantaneous values.

[0005] Generally, measurement can be viewed as trans-
formation of the input variable into another variable such
that it can be eventually perceived, or utilized in some other
manner. Measurement may consist of many intermediate
steps, or stages between the incoming variable and the
output of the acquisition system. For example, a TV broad-
cast can simplistically be viewed as (optical) measurement
of the intensity of the light (incoming variable), where the
output (image) is displayed on a TV screen. The same
collectively would be true for a recorded TV program,
although the intermediate steps of such a measurement will
be different.

[0006] Regardless of the physical nature of measuring
processes, they all exhibit many common features. Namely,
they all involve transformation and comparison of variables
at any stage. Transformation may or may not involve con-
version of the nature of signals (for instance, conversion of
pressure variations into electric signals by a microphone in
acoustic measurements), and transformation can be either
linear or nonlinear. Most transformations of variables in an
acquisition system involve comparison as the basis for such
transformations. Comparison can be made in relation to any
external or internal reference, including the input variable
itself. For example, simple linear filtering of a variable
transforms the input variable into another variable, which is
a weighted mean of the input variable either in time, space,
or both. Here the comparison is made with the sample of the
input variable, and the transformation satisfies a certain
relation, that is, the output is the weighted average of this
sample. An example of such filtering would be the compu-
tation of the Dow Jones Industrial Average.

[0007] In measurements of discrete events, a particular
nonlinear filtering technique stands out due to its important
role in many applications. This technique uses the relative
positions, or rank, of the data as a basis for transformation.
For example, the salaries and the family incomes are com-
monly reported as percentiles such as current median salary
for a certain profession. The rationale for reporting the
median rather than the mean income can be illustrated as
follows. Consider some residential neighborhood generating
ten million dollars annually. Now, if someone from this
neighborhood wins twenty millions in a lottery, this will
triple the total as well as the mean income of the neighbor-
hood. Thus reporting the mean family income will create an
illusion of a significant increase in the wealth of individual
families. The median income, however, will remain
unchanged and will reflect the economic conditions of the
neighborhood more accurately. As another simple example,
consider the way in which a student’s performance on a
standardized test such as the SAT (Scholastic Aptitude Test)
or GRE (Graduate Record Examination) is measured. The
results are provided as a cumulative distribution function,
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that is, are quoted both as a “score” and as the percentile.
The passing criterion would be the score for a certain
percentile. This passing score can be viewed as the output of
the “admission filter”.

[0008] In digital signal processing, a similar filtering tech-
nique is commonly used and is referred to as rank order or
order statistic filtering. Unlike a smoothing filter which
outputs a weighted mean of the elements in a sliding
window, a rank order filter picks up an output according to
the order statistic of elements in this window. See, for
example, Arnold et al., 1992, and Sarhan and Greenberg,
1962, for the definitions and theory of order statistics.
Maximum, minimum, and median filters are some fre-
quently used examples. Median filters are robust, and can
remove impulse noise while preserving essential features.
The discussion of this robustness and usefulness of median
filters can be found in, for example, Arce et al., 1986. These
filters are widely used in many signal and image processing
applications. See, for example, Bovik et al., 1983; Huang,
1981; Lee and Fam, 1987. Many examples can be found in
fields such as seismic analysis Bednar, 1983, for example,
biological signal processing Fiore et al., 1996, for example,
medical imaging Ritenour et al., 1984, for example, or video
processing Wischermann, 1991, for example. Maximum and
minimum selections are also quite common in various
applications Haralick et al., 1987, for example.

[0009] Rank order filtering is only one of the applications
of order statistic methods. In a simple definition, the phrase
order statistic methods refers to methods for combining a
large amount of data (such as the scores of the whole class
on a homework) into a single number or small set of
numbers that give an overall flavor of the data. See, for
example, Nevzorov, 2001, for further discussion of different
applications of order statistics. The main limitations of these
methods arise from the explicitly discrete nature of their
definition (see, for example, the definitions in Sarhan and
Greenberg, 1962, and Nevzorov, 2001), which is in striking
dissonance with the continuous nature of measurements.
The discrete approach imposes the usage of algebraic rather
than geometric tools in order statistics, and thus limits both
the perception of the results through the geometric interpre-
tation and the applicability of differential methods of analy-
Sis.

[0010] Order statistics of a sample of a variable is most
naturally defined in terms of the cumulative distribution
function of the elements composing this sample see David,
1970, for example, which is a monotonic function. Thus
computation of an order statistic should be equivalent to a
simple task of finding a root of a monotonic function.
However, the cumulative distribution of a discrete set is a
discontinuous function, since it is composed of a finite
number of step functions (see Scott, 1992, for example). As
a result, its derivative (the density function) is singular, that
is, composed of a finite number of impulse functions such as
Dirac §-function (see, for example, Dirac, 1958, p. 58-61, or
Davydov, 1988, p. 609-612, for the definition and properties
of the Dirac d-function). When implementing rank order
methods in software, this discontinuity of the distribution
function prevents us from using efficient methods of root
finding involving derivatives, such as the Newton-Raphson
method (see Press et al., 1992, and the references therein for
a discussion of root finding methods). In hardware. the
inability to evaluate the derivatives of the distribution func-
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tion disallows analog implementation. Even though for a
continuous-time signal the distribution function may be
continuous in special cases (since now it is an average of an
infinitely large number of step functions), the density func-
tion is still only piecewise continuous, since every extre-
mum in the sample produces singularity in the density
function (Nikitin, 1998, Chapter 4, for example). In fact, the
nature of a continuous-time signal is still discrete, since its
instantaneous and even time averaged densities are still
represented by impulse functions (Nikitin, 1998, for
example). Thus the time continuity of a signal does not
automatically lead to the continuity of the distribution and
the density functions of a sample of this signal. Following
from their discrete nature, the limitations of the existing rank
order methods (rank order filtering as well as other methods
based on order statistics) can roughly be divided into two
categories. The first category deals with the issues of the
implementation of these methods, and the second one
addresses the limitations in the applicability. The implemen-
tation of the order statistics methods can in turn be divided
into two groups. The first group realizes these methods in
software on sequential or parallel computers (see Juhola et
al., 1991, for example). The second one implements them on
hardware such as Very Large Scale Integration (VLSI)
circuits (see Murthy and Swamy, 1992, for example).

[0011] In software implementation, the basic procedure
for order statistics calculation is comparison and sorting.
Since sorting can be constructed by selection, which is an
operation linear in complexity, the algorithms for finding
only a specific rank (such as median) are more effective than
the algorithms for computation of arbitrary statistics (Pasian,
1988, for example). In addition, the performance of rank
order calculations can be improved by taking advantage of
the running window where only a minor portion of the
elements are deleted and replaced by the same number of
new elements (Astola and Campbell, 1989, for example).
Regardless of the efficiency of particular algorithms, how-
ever, all of them quickly become impractical when the size
of the sample grows, due to the increase in both computa-
tional intensity and memory requirements.

[0012] The hardware implementation of rank order pro-
cessing has several main approaches, such as systolic algo-
rithms (Fisher, 1984, for example), sorting networks (Shi
and Ward, 1993, and Opris, 1996, for example), and radix
(binary partition) methods (Lee and Jen, 1993, for example).
The various hardware embodiments of the order statistics
methods, however, do not overcome the intrinsic limitations
of the digital approach arising from the discontinuous nature
of the distribution function, such as inefficient rank finding,
difficulties with processing large samples of data, and inabil-
ity to fully explore differential techniques of analysis. It
needs to be pointed out that the differential methods allow
studying the properties “at a point”, that is, the properties
which depend on an arbitrary small neighborhood of the
point rather than on a total set of the discrete data. This offers
more effective technical solutions. Several so-called “ana-
log” solutions to order statistic filtering have been proposed
see Jarske and Vainio, 1993, for example, where the term
“analog” refers to the continuous (as opposed to quantized)
amplitude values, while the time remains discrete. Although
a definition of the continuous-time analog median filter has
been known since the 1980’s (see Fitch et al., 1986), no
electronic implementations of this filter have been intro-
duced. Perhaps the closest approximation of the continuous-
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time analog median filter known to us is the linear median
hybrid (LMH) filter with active RC linear subfilters and a
diode network (Jarske and Vainio, 1993, for example).

[0013] The singular nature of the density functions of
discrete variables does not only impede both software and
hardware implementations of rank order methods, but also
constrains the applicability of these methods (for example,
their geometric extension) to signal analysis. The origin of
these constraints lies in the contrast between the discrete and
the continuous: “The mathematical model of a separate
object is the unit, and the mathematical model of a collection
of discrete objects is a sum of units, which is, so to speak,
the image of pure discreteness, purified of all other qualities.
On the other hand, the fundamental, original mathematical
model of continuity is the geometric figure; . . . “(Aleksan-
drov et al., 1999, v. I, p. 32). Even simple time continuity of
the incoming variable enables differentiation with respect to
time, and thus expands such applicability to studying dis-
tributions of local extrema and crossing rates of signals
(Nikitin et al., 1998, for example), which can be extremely
useful characteristics of a dynamic system. However, these
distributions are still discontinuous (singular) with respect to
the displacement coordinates (thresholds). Normally, this
discontinuity does not restrain us from computing certain
integral characteristics of these distributions, such as their
different moments. However, many useful tools otherwise
applicable to characterization of distributions and densities
are unavailable. For instance, in studies of experimentally
acquired distributions the standard and absolute deviations
are not reliable indicators of the overall widths of density
functions, especially when these densities are multimodal, or
the data contain so-called outliers. A well-known quantity
Full Width at Half Maximum (FWHM) (e.g., Zaidel’ et al.,
1976, p. 18), can characterize the width of a distribution
much more reliably, even when neither standard nor absolute
deviation exists. The definition of FWHM, however,
requires that the density function be continuous and finite.
One can introduce a variety of other useful characteristics of
distributions and density functions with clearly identifiable
geometrical and physical meaning, which would be unavail-
able for a singular density function. An additional example
would be an a-level contour surface (Scott, 1992, p. 22),
which requires both the continuity and the existence of the
maximum or modal value of the density function.

[0014] Discontinuity of the data (and thus singularity of
density functions) is not a direct result of measurements but
rather an artifact of idealization of the measurements, and
thus a digital record should be treated simply as a sample of
a continuous variable. For example, the threshold disconti-
nuity of digital data can be handled by convolution of the
density function of the discrete sample with a continuous
kernel. Such approximation of the “true” density is well
known as Kernel Density Estimates (KDE) (Silverman,
1986, for example), or the Parzen method (Parzen, 1967, for
example). This method effectively transforms a digital set
into a threshold continuous function and allows successful
inference of “true” distributions from observed samples. See
Lucy, 1974, for the example of the rectification of observed
distributions in statistical astronomy. The main limitation of
the KDE is that the method primarily deals with samples of
finite size and does not allow treatment of spatially and
temporally continuous data. For example, KDE does not
address the time dependent issues such as order statistic
filtering, and does not allow extension of the continuous
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density analysis to intrinsically time dependent quantities
such as counting densities. Another important limitation of
KDE is that it fails to recognize the importance of and to
utilize the cumuilative distribution function for analysis of
multidimensional variables. According to David W. Scott
(Scott, 1992, page 35), “. . . . The multivariate distribution
function is of little interest for either graphical or data
analytical purposes. Furthermore, ubiquitous multivariate
statistical applications such as regression and classification
rely on direct manipulation of the density function and not
the distribution function”. Some other weaknesses of KDE
with respect to the present invention will become apparent
from the further disclosure.

[0015] Threshold, spatial, and temporal continuity are
closely related to our inability to conduct exact measure-
ments, for a variety of reasons ranging from random noise
and fluctuations to the Heisenberg uncertainty. Sometimes
the exact measurements are unavailable even when the
measured quantities are discrete. An example can be the
“pregnant chad” problem in counting election votes. As
another example, consider the measurement of the energy of
a charged particle. Such measurement is normally carried
out by means of discriminators. An ideal discriminator will
register only particles with energies larger than its threshold.
In reality, however, a discriminator will register particles
with smaller energies as well, and will not detect some of the
particles with larger energies. Thus there will be uncertain-
ties in our measurements. Such uncertainties can be
expressed in terms of the response function of the discrimi-
nator. Then the results of our measurements can be
expressed through the convolution of the “ideal” measure-
ments with the response function of the discriminator
(Nikitin, 1998, Chapter 7, for example). Even for a monoen-
ergetic particle beam, our measurements will be represented
by a continuous curve. Since deconvolution is at least an
impractical, if not impossible, way of restoring the “origi-
nal” signal, the numerical value for the energy of the
incoming particles will be deduced from the measured
density curve as, for example, its first moment (Zaidel’ et al.,
1976, pp. 11-24, for example).

[0016] A methodological basis for treatment of an incom-
ing variable in terms of its continuous densities can be found
in fields where the measurements are taken by an analog
action machine, that is, by a probe with continuous (spatial
as well as temporal) impulse response, such as optical
spectroscopy (see Zaidel” et al., 1976, for example). The
output of such a measuring system is described by the
convolution of the impulse response of the probe with the
incoming signal, and is continuous even for a discrete
incoming signal. For instance, the position of a certain
spectral line measured by a monochromator is represented
by a smooth curve rather than by a number. If the reduction
of the line’s position to a number is needed, this reduction
is usually done by replacing the density curve by its modal,
median, or average value.

[0017] The measurement of variables and analysis of
signals often go hand-in-hand, and the distinction between
the two is sometimes minimal and normally well understood
from the context. One needs to understand, however, that a
“signal”, commonly, is already a result of a measurement.
That is, a “signal” is already a result of a transformation (by
an acquisition system) of one or many variables into another
variable (electrical, optical, acoustic, chemical, tactile, etc.)
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for some purpose, such as further analysis, transmission,
directing, warning, indicating, etc. The relationship between
a variable and a signal can be of a simple type, such that an
instantaneous value of the variable can be readily deduced
from the signal. Commonly, however, this relationship is
less easily decipherable. For example, a signal from a
charged particle detector is influenced by both the energies
of the particles and the times of their arrival at the sensor. In
order to discriminate between these two variables, one either
needs to use an additional detector (or change the acquisition
parameters of the detector), or to employ additional trans-
formation (such as differentiation) of the acquired signal.
The analysis of the signal is thus a means for gathering
information about the variables generating this signal, and
ultimately making the phenomenon available for perception,
which is the goal. The artificial division of this integral
process into the acquisition and the analysis parts can be a
serious obstacle in achieving this goal.

[0018] In the existing art, the measurement is understood
as reduction to numbers, and such reduction normally takes
place before the analysis. Such premature digitization often
unnecessary complicates the analysis. The very essence of
the above discussion can be revealed by the old joke that it
might be hard to divide three potatoes between two children
unless you make mashed potatoes. Thus we recognize that
the nature of the difficulties with implementation and appli-
cability of order statistics methods in analysis of variables
lies in the digital approach to the problem. By digitizing, we
lose continuity. Continuity does not only naturally occur in
measurements conducted by analog machines, or arise from
consideration of uncertainty of measurements. It is also
important for perception and analysis of the results of
complex measurements, and essential for geometrical and
physical interpretation of the observed phenomena. The
geometric representation makes many facts of analysis
“intuitive” by analogy with the ordinary space. By losing
continuity, we also lose differentiability, which is an indis-
pensable analytical tool since it allows us to set up differ-
ential equations describing the studied system: “. . . . In order
to determine the function that represents a given physical
process, we try first of all to set up an equation that connects
this function in some definite way with its derivatives of
various orders” (Aleksandrov et al., 1999, v. 1, P. 119).

[0019] The origin of the limitations of the existing art can
thus be identified as relying on the digital record in the
analysis of the measurements, which impedes the geometri-
cal interpretation of the measurements and leads to usage of
algebraic rather than differential means of analysis.

DISCLOSURE OF INVENTION

BRIEF SUMMARY OF THE INVENTION

[0020] As was stated in the description of the existing art,
the digital approach limits both the geometrical interpreta-
tion of the measurements and prevents usage of the differ-
ential means of analysis. In this invention, we present an
analog solution to what is usually handled by digital means.
We overcome the deficiencies of the prior approach by
considering, instead of the values of the variables, such
geometrical objects as the densities of these variables in
their threshold space. The applicability of the differential
analysis is achieved by either (1) preserving, whenever
possible, the original continuity of the measurement in the
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analysis, or (2) restoring continuity of discrete data through
convolution with a continuous kernel which represents the
essential qualities of the measuring apparatus. Our approach
offers (a) improved perception of the measurements through
geometrical analogies, (b) effective solutions of the existing
computational problems of the order statistic methods, and
(c) extended applicability of these methods to analysis of
variables. In the subsequent disclosure we will demonstrate
the particular advantages of the invention with respect to the
known art.

[0021] In this invention, we address the problem of mea-
suring and analysis of variables, on a consistent general
basis, by introducing threshold densities of these variables.
As will be described further in detail, the threshold densities
result from averaging of instantaneous densities with respect
to thresholds, space, and time. Since this averaging is
performed by a continuous kernel (test function), it can be
interpreted as analog representation, and thus we adopt the
collective designation Analysis of Variables Through Analog
Representation (AVATAR) for various components of the
invention. The interdependence of the variables in the mea-
surement system is addressed by introducing the modulated
threshold densities of these variables, which result from the
consideration of the joint densities of the interdependent
variables in their combined threshold space. The particular
way in which these densities are introduced leads to the
densities being continuous in thresholds, space, and time,
even if the incoming variables are of discrete nature. This
approach allows us to successfully address the limitations of
the prior art identified earlier, opens up many new oppor-
tunities for expanding the applicability of rank order analy-
sis of variables, and provides a means for efficient imple-
mentation of this analysis in both hardware and software.

[0022] In order to convey the inventive ideas clearly, we
adopt the simplified model for measurements as follows (see
the analogous ideal system in Nikitin et al.,, 1998, for
example). A variable is described in terms of displacement
coordinates, or thresholds, as well as in terms of some other
coordinates such as spatial coordinates and physical time.
The values of these coordinates are measured by means of
discriminators and/or differential discriminators (probes).
An ideal discriminator with threshold D returns the value
“1” if the measured coordinate exceeds D, “%” if it is equal
to D, and it returns zero otherwise. Thus the mathematical
expression for an ideal discriminator is the Heaviside unit
step function of the difference between the threshold and the
input coordinate (see Nikitin et al., 1998, and Nikitin, 1998,
for example). Although ideal discriminators can be a useful
tool for analysis of a measurement process, different func-
tions of thresholds need to be employed to reflect the
vagaries of real measurements (see discussion in Nikitin et
al., 1998, for example). In this invention, the peculiarities of
“real” discriminators are reflected by introducing uncer-
tainty into the mathematical description of the discriminator,
such that the returned value is in the range zero to one,
depending on the values of the input coordinate. As
described further in this disclosure, the introduction of such
uncertainty can be interpreted as averaging with respect to a
threshold test function, or threshold averaging. When the
input-output characteristic of the discriminator is a continu-
ous function, then differentiability of the output with respect
to threshold is enabled. In addition, if the characteristic of
the discriminator is a monotonic function, the rank relations
of the input signal are preserved. If the original input signal
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is not differentiable with respect to time (e.g., the input
signal is discontinuous in time), differentiability with respect
to time can always be enabled by introducing time averaging
into the acquisition system, where under time averaging we
understand a suitable convolution transform with a continu-
ous-time kernel. Likewise, differentiability with respect to
spatial coordinates can be enabled by spatial averaging.

[0023] The mathematical expression for the response of an
ideal probe, or differential discriminator, is the Dirac d-func-
tion of the difference between the displacement and the input
variable, which is the instantaneous density of the input
variable. As follows from the properties of the Dirac d-func-
tion (see, for example, Dirac, 1958, p. 58-61, and Davydov,
1988, p. 609-612, for the definition and properties of the
Dirac d-function), the output of the “real” probe is thus the
convolution of the instantaneous density with the input-
output characteristic of the differential discriminator, which
is equivalent to the threshold averaging of the instantaneous
density. When this output is subsequently averaged with
respect to space and time, the result is the Threshold-Space-
Time Averaged Density. Notice that the transition from the
ideal to real probes and discriminators preserves the inter-
pretation of their responses as the threshold density and
cumulative distribution, respectively. For example, the spec-
trum acquired by an optical spectrograph can be considered
the energy density regardless the width of the slits of its
monochromator. Thus a particular way of utilizing the
discriminators and probes in this invention is essentially a
method of transformation of discrete or continuous vari-
ables, and/or ensembles of variables into normalized con-
tinuous scalar fields, that is, into objects with mathematical
properties of density and cumulative distribution functions.
In addition to dependence on the displacement coordinates
(thresholds), however, these objects can also depend on
other parameters, including spatial coordinates (e.g., if the
incoming variables are themselves scalar or vector fields),
and/or time (if the variables depend on time). For the
purpose of this disclosure, the terms “space” and “time” are
used to cover considerably more than their primary or basic
meaning. “Time” should be understood as a monotonic
scalar, continuous or discrete, common to all other analyzed
variables, which can be used for sequential ordering of the
measurements. “Space” is thus all the remaining coordinates
which are employed (as opposed to sufficient) to govern the
values of the input variables. It is important to note that the
use of the invented transformation makes all existing tech-
niques for statistical processing of data, and for studying
probability fluxes, applicable to analysis of these variables.
Moreover, the transformations of the measured variables can
be implemented with respect to any reference variable, or
ensemble of reference variables. In this disclosure, we
consider two basic transformations with respect to the
reference variable, which we refer to as normalization and
modulation. The definitions of these transformations will be
given later in the disclosure. In both of these transforma-
tions, the behavior of the input variable is represented in
terms of behavior (and units) of the reference variable. Thus,
the values of the reference variable provide a common unit,
or standard, for measurement and comparison of variables of
different nature, for assessment of the mutual dependence of
these variables, and for evaluation of the changes in the
variables and their dependence with time. For example,
dependence of economic indicators on social indicators, and
vice versa, can be analyzed, and the historical changes in this
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dependence can be monitored. When the reference variable
is related in a definite way to the input variable itself, these
additional transformations (that is, normalization and modu-
lation) provide a tool for analysis of the interdependence of
various properties of the input variable.

[0024] Among various embodiments of the invention,
several are of particular importance for analysis of variables.
These are the ability to measure (or compute from digital
data) (1) quantizle density, (2) quantizle domain, and (3)
quantile volume for a variable. Quantile density indicates
the value of the density likely to be exceeded, quantile
domain contains the regions of the highest density, and
quantile volume gives the (total) volume of the quantile
domain. The definitions of these quantities and a means of
their implementation are unavailable in the existing art.
Detailed definitions and description of these quantities will
be given later in the disclosure. As another consequence of
the proposed transformation of variables into density func-
tions, the invention enables measurements of currents, or
fluxes of these densities, providing a valuable tool for
analysis of the variables.

[0025] Another important embodiment of AVATAR is rank
normalization of a variable with respect to a cumulative
distribution function, generated by another variable or
ensemble of variables. The rank normalization of variables
can be used for processing and analysis of different time
ordered series, ensembles, scalar or vector fields, and time
independent sets of variables, especially when the investi-
gated characteristics of the variable are invariant to a mono-
tonic transformation of its values, that is, to a monotonic
transformation of the thresholds. This normalization can be
performed with respect to a reference distribution of an
arbitrary origin, such as the distribution provided by an
external reference variable, or by the input variable itself.
For example, the reference variable can be a random process
with the parameters determined by the input variable. In this
case, the reference variable provides a “container” in the
threshold space where the input variable is likely to be
found. More importantly, the rank normalization allows
computation or measurement of integral estimators of dif-
ferences between two distributions (or densities) as simple
time and/or space averages.

[0026] Another important usage of the rank normalization
is as part of preprocessing of the input variable, where under
preprocessing we understand a series of steps (e.g., smooth-
ing) in the analysis prior to applying other transformations.
Since in AVATAR the extent of the threshold space is
determined by the reference variable, the rank normalization
allows as to adjust the resolution of the acquisition system
according to the changes in the threshold space, as the
reference variable changes in time. Such adjustment of the
resolution is the Ad key to a high precision of analog
processing.

[0027] While rank normalization reflects the rank relations
between the input and the reference variables, the modulated
threshold density describes the input variable in terms of the
rate of change of the reference variable at a certain thresh-
old. As will be clarified further in the disclosure, the modu-
lated threshold densities arise from the consideration of the
joint densities of the input and the reference variables in
their combined threshold space. Instead of analyzing such
joint variable in its total threshold space, however, we
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consider the behavior of the input variable in the threshold
space of the reference variable only. The modulated densi-
ties allow us to investigate the interdependence of the input
and the reference variable by comparison of the time aver-
ages of the input variable at the thresholds of the reference
variable with the simple time average of the input variable.
As has been mentioned earlier, the important special case of
modulated densities arises when there is a definite relation
between the input and the reference variables. In this dis-
closure, we will primarily focus on the densities arising from
the two particular instances of this relation, to which we will
further refer as the amplitude and the counting densities.
Since the definiteness in the relation eliminates the distinc-
tion between the input and the reference variables, such
special cases of the modulated densities will be regarded
simply as modulated threshold densities of the input vari-
able.

[0028] The invention also allows the transformation which
can be interpreted as rank filtering of variables. That is, it
enables the transformation of a variable into another vari-
able, the value of which at any given space and time is a
certain quantile of a modulated cumulative distribution
function generated by the input and reference variables.
Thus in AVATAR the output of such a filter has simple and
clear interpretation as a level line of such a distribution in the
time-threshold plane. One needs to notice that the output of
a rank filter as defined in the existing digital signal process-
ing methods, will correspond to the discrete points on a level
line drawn for an amplitude distribution only. Thus the rank
filtering defined in AVATAR extends beyond the known
applicability of rank filtering. It is also important that, in this
invention, such filtering process is implemented by differ-
ential means and thus conducted without sorting. The inven-
tion also provides a means for finding (selecting) the rank of
a time dependent or static variable or ensemble of variables
without sorting. Such analog rank selection permits analog
emulation of digital rank filters in an arbitrary window, of
either finite or infinite type, with any degree of precision.
Moreover, the rank selection is defined for modulated dis-
tributions as well, which extends the applicability of rank
filtering. The continuous nature of the definitions and the
absence of sorting allows easy implementation and incor-
poration of rank selecting and filtering in analog devices.
Rank filtering and selecting also provide alternative embodi-
ments for comparison of variables with respect to a common
reference variable, and for detection and quantification of
changes in variables.

[0029] Based on the embodiments of AVATAR discussed
above, we can define and implement a variety of new
techniques for comparison of variables and for quantifica-
tion of changes in variables. By determining distributions
from the signal itself, and/or by providing a common ref-
erence system for variables of different natures, the inven-
tion provides a robust and efficiently applied solution to the
problem of comparing variables. It is important to note that
the invention enables comparison of one-dimensional as
well as multivariate densities and distributions by simple
analog machines rather than through extensive numerical
computations.

[0030] The particular advantages of AVATAR stem from
the fact that the invention is based on the consideration of
real acquisition systems while most of previous techniques
assume idealized measurement processes. Even if the
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incoming variable is already a digital record (such as the
result of an idealized measurement process), we restore this
record to a continuous form by a convolution with a probe
continuous in thresholds, space, and time. It is important to
realize that the invention is also applicable to measurements
of discrete data. The main distinction between such mea-
surements and the restoration of a digital record lies in the
realization that the former are normally taken by continuous
action machines, and thus the results of such measurements
need to be reformulated, that is, “mapped” into analog
domain. As an example, consider the task of measuring the
amplitude (energy) distribution of a train of charged par-
ticles. Since this measurement is usually taken by means of
sensors with finite time response, the problem of measuring
the amplitude density is naturally restated as the problem of
finding the distribution of local extrema of a continuous-
time signal (Nikitin et al., 1998). This distribution can in turn
be found through the derivative of the crossing rates with
respect to threshold (Nikitin et al., 1998).

[0031] The invention can be implemented in hardware
devices as well as in computer codes (software). The appli-
cations of the invention include, but are not limited to,
analysis of a large variety of technical, social, and biologic
measurements, traffic analysis and control, speech and pat-
tern recognition, image processing and analysis, agriculture,
and telecommunications. Both digital and analog implemen-
tations of the methods can be used in various systems for
data acquisition and analysis. All the above techniques,
processes and apparatus are applicable to analysis of con-
tinuous (analog) variables as well as discrete (digital). By
analyzing the variables through their continuous distribu-
tions and the density functions, the invention overcomes the
limitations of the prior art by (a) improving perception of the
measurements through geometrical analogies, (b) providing
effective solutions to the existing computational problems of
the order statistic methods, and (¢) extending the applica-
bility of these methods to analysis of variables.

[0032] Further scope of the applicability of the invention
will be clarified through the detailed description given
hereinafter. It should be understood, however, that the
specific examples, while indicating preferred embodiments
of the invention, are presented for illustration only. Various
changes and modifications within the spirit and scope of the
invention should become apparent to those skilled in the art
from this detailed description. Furthermore, all the math-
ematical expressions and the examples of hardware imple-
mentations are used only as a descriptive language to convey
the inventive ideas clearly, and are not limitative of the
claimed invention.

Terms and Definitions With Illustrative Examples

[0033] For convenience, the essential terms used in the
subsequent detailed description of the invention are pro-
vided below. These terms are listed along with their defini-
tions adopted for the purpose of this disclosure. Examples
clarifying and illustrating the meaning of the definitions are
also provided. Note that the equations in this section are
numbered separately from the rest of this disclosure.

1 Variable

[0034] For the purpose of this disclosure, we define a
variable as an entity X which, when expressed in figures
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(numbers), can be represented by one of the mathematical
expressions listed below. Throughout this disclosure, the
standard mathematical terms such as vector, scalar, or field
mostly preserve their commonly acceptable mathematical
and/or physical interpretation. The specific meaning of most
of the common terms will be clarified through their usage in
the subsequent detailed description of the invention. Notice
that the most general form of a variable adopted in this
disclosure is an Ensemble of Vector Fields. All other types
of variables in this disclosure can be expressed through
various simplifications of this general representation. For
example, setting the ensemble weight n(ji) in the expression
for an ensemble of vector fields to the Dirac d-function 6(t)
reduces said expression to a single Vector Field variable.
Further, by eliminating the dependence of the latter on
spatial coordinates (that is, by setting the position vector a
=constant), said single vector field variable reduces to a
single Vector variable. Notice also that while ensembles of
variables are expressed as integrals/sums of the components
of an ensemble, it should be understood that individual
components of an ensemble are separately available for
analysis.

[0035] 1. Single Variable. A single variable in this disclo-
sure can be a vector/scalar variable, or a vector/scalar field
variable.

[0036] (a) A Vector Field variable can be expressed as
x=x(a, 1), -1

[0037] where a is the vector of spatial coordinates, and t is
the time coordinate.

[0038] Representative Examples: (1) A truecolor image
can be expressed by a vector field x=x(a, t), where the color
is described by its coordinates in the three-dimensional color
space (red, green, and blue) at the position a. (2) The
combination of both the color intensity of a monochrome
image and the rate of change of said intensity can be
expressed by a vector field x=(x(a, t), X(a, t)).

[0039] (b) A Scalar Field variable can be expressed as
x=x(a, 1), (D-2)

[0040] where a is the vector of spatial coordinates, and t is
the time coordinate.

[0041] Representative Example: A monochrome image at
a given time is determined by the intensity of the color at
location a, and thus it is conveniently described by a scalar
field

x=x(a, t).

[0042] (c) A Vector variable can be represented by the
expression

x=x(1), (D-3)

[0043] where t is the time coordinate. Notice that the
components of a vector variable do not have to be of the
same units or of the same physical nature.

[0044] Representative Examples: (1) The position of a
vehicle in a traffic control problem can be described by a
single vector variable x=x(t). (2) The position and the
velocity of a vehicle together can be described by a single
vector variable x=(x(t), X(t)).
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[0045] (d) A Scalar variable can be represented by the
expression

x=x(1), D-4)
[0046] where t is the time coordinate.

[0047] Representative Example: The current through an
element of an electrical circuit can be expressed as a single
scalar variable x=x(t).

[0048] 2. Ensemble of Variables. Several different vari-
ables of the same nature can be considered as a (composite)
single entity designated as an ensemble of variables. An
individual variable in an ensemble is a component of the
ensemble. The relative contribution of a component in the
ensemble is quantified by a weight n(/s) of the component.

[0049] (a) Ensemble of Vector Fields:

x= r d pn(p )x,(a, 1), (D-5)

where n(u) du is the weight of the uth component
of the ensemble such that

[0050]
f dun(u) =N,
[0051] a is the vector of spatial coordinates, and t is the

time coordinate.

[0052] Representative Example: A truecolor image can be
expressed by a vector field x=x(a, t), where the color is
described by its coordinates in the three-dimensional color
space (red, green, and blue), at the position a. A “compound”
image consisting of a finite or infinite set of such truecolor
images, weighted by the weights n(u), can be viewed as an
ensemble of vector fields. For example, such a compound
image can be thought of as a statistical average of the video
recordings taken by several different cameras.

[0053] (b) Ensemble of Scalar Fields:
x= r d pn(p )x,(a, 1), (D-6)

[0054] where n(u) du is the weight of the p th component
of the ensemble such that

rdﬂﬂ(#)=1\/

[0055] a is the vector spatial coordinates, and t is the time
coordinate.

[0056] Representative Example: A monochrome image at
a given time is determined by the intensity of the color at
location a, and thus it is conveniently described by a scalar
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field x=x(a, t). A “compound” image consisting of a finite or
infinite set of such monochrome images, weighted by the
weights n(u), can be viewed as an ensemble of scalar fields.
For example, such a compound image can be thought of as
a statistical average of the video recordings taken by several
different cameras.

[0057] (c) Ensemble of Vectors:
x= r d (), (), {O-7)

[0058] where n(y) du is the weight of the uth component
of the ensemble such that

f dun(u) =N,

[0059] and t is the time coordinate.

[0060] Representative Example: A variable expressing the
average position of N different vehicles in a traffic control
problem can be described by an ensemble of vector variables

x= f dun( (o),

[0061] where

N
n(w =n()y 84—

i=1
[0062] (d) Ensemble of Scalars:

x= r d (), (0), (D-8)

[0063] where n(x) du is the weight of the uth component
of the ensemble such that

rdﬂﬂ(#)=N,

[0064] and t is the time coordinate.

[0065] Representative Example: The total current through
N elements of an electrical circuit can be expressed as an
ensemble of scalar variables
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x= f dun(px(o),

[0066] where

N
n(w) = n(p) " 8=

i=1

[0067] Notice that the most general form of a variable
among those listed above is the Ensemble of Vector Fields.
All other types of variables in this disclosure can be
expressed through various simplifications of this general
representation. For example, setting the ensemble weight
n(u) in the expression for an ensemble of vector fields to the
Dirac d-function d(u) reduces said expression to a single
Vector Field variable. Further, by eliminating the depen-
dence of the latter on spatial coordinates (that is, by setting
the position vector a =constant), said single vector field
variable reduces to a single Vector variable. Notice also that
while ensembles of variables are expressed as integrals/sums
of the components of an ensemble, it should be understood
that individual components of an ensemble are separately
available for analysis.

2 Threshold Filter

[0068] In this disclosure, we define a Threshold Filter as a
continuous action machine (a physical device, mathematical
function, or a computer program) which can operate on the
difference between a Displacement Variable D and the input
variable X, and the result of such operation can be expressed
as a scalar function of THE Displacement Variable, that is,
as a value at a given displacement D. The dependence of the
output of a Threshold Filter on the input is equivalent to
those of a probe (smoothing threshold filter) or a discrimi-
nator (integrating threshold filter) as specified below.

[0069] 1. Probe. A continuous action machine (a physical
device, mathematical function, or a computer program)
which can operate on the difference between a Displacement
Variable D and the input variable x, and the result of such
operation can be expressed as a scalar function of the
Displacement Variable, that is, as a value at a given dis-
placement D. The dependence of the output y of a probe on
its input r is equivalent to the following expression:

0=y=fr(1); (D-9)

[0070] where t is a scalar, r is a vector or a scalar, R is a
scalar width parameter of the probe, and the test function fy
is a continuous function satistfying the conditions

fm & rfp() =1, and D-10)

lim, fe() = 60,

[0071] where &(r) is the Dirac d-function.



US 2005/0165879 Al

[0072] Representative Examples: (1) The Gaussian test
function

n

” 72 T2 (D-11)
fR(r):l_[aD;TAD;(ri): m expl— (E)
i=1 [1AD; i=1 !
il

[0073] can act as a probe. In Eq. (D-11), the response of
the probe fi(r) to the vector input r=(r,, . . . , r,) is a product
of the responses of the probes

[0074] to the components 1; of the input vector. (2) FIG. 6
illustrates an optical threshold smoothing filter (probe). This
probe consists of a point light source S and a thin lens with
the focal length f. The lens is combined with a gray optical
filter with transparency described by f,(x). Both the lens
and the filter are placed in an XOY plane at a distance 2 f
from the source S. The lens-filter combination can be moved
in the XOY plane by the incoming signal r so that the center
of the combination is located at

2
if-R

[0075] in this plane. Then the output of the filter is
proportional to the intensity of the light measured at the
location D=(D,, D) in the D_-O-D, plane parallel to the
XOY plane and located at the distance R from the image S'
of the source S (toward the source). That is, the output of this
filter can be described by f(D-r).

[0076] 2. Discriminator. A continuous action machine (a
physical device, mathematical function, or a computer pro-
gram) which can operate on the difference between a Dis-
placement Variable D and the input variable x, and the result
of such operation can be expressed as a scalar function of the
Displacement Variable, that is, as a value at a given dis-
placement D. The dependence of the output y of a discrimi-
nator on the input r is obtained by integrating the response
of the respective probe, that is, it is related to the input-
output characteristic of the respective probe as

05y=TR(x):fX Frf <1, (D-12)

[0077] Representative Examples: (1) The Integral of a
Gaussian Test Function

Tt = fx d'rirn) = ﬁTAD; (%) = Tnﬁ erfc(;—g), (D-13)
- i=l i=1 i
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[0078] where erfe(x) is the complementary error function,
can act as a discriminator. In Eq. (D-13), the response of the
discriminator Fr(X) to the vector input x=(X, . . . ,X,) is a
product of the responses of the discriminators

Fap; (%) = %erfc(;—;)

[0079] to the components X; of the input vector. (2) By
replacing the transparency function f,f (x) of the gray filter
with F,(x), the optical probe shown in FIG. 6 is converted
into a discriminator with the output Fr(D-r).

3 Displacement Variable

[0080] A Displacement Variable is the argument of a
function describing the output of a Threshold Filter. For
example, if the Threshold Filter is an amplifier operating on
the difference between two electrical signals D and x(t), and
an output of the amplifier is described as a function of the
input signal D, this signal D is a Displacement Variable.

[0081] 4 Modulating Variable

[0082] A Modulating Variable is a unipolar scalar field
variable K=K(a, t) which can be applied to the output of a
Threshold Filter in a manner equivalent to multiplication of
said output by the Modulating Variable.

[0083] Representative Example: Imagine that the point
light source S in FIG. 6 is produced by an incandescent lamp
powered by a unit current. If we now power the lamp by the
current K(t), the output of the threshold filter will be
modulated by the Modulating Variable |K(t)].

5 Averaging Filter

[0084] An Averaging Filter is a continuous action machine
(a physical device, mathematical function, or a computer
program) which can operate on a variable x(a, t), and the
result of such operation can be expressed as convolution
with a test function frp(a) and a time impulse response
function h(t; T), namely as

(i, sk = (Grtr, sIRYE = (G, sV D-14)

- f ds f " @ rh(t -5 T) fala - x(r, ),

[0085] where a is the position vector (vector of spatial
coordinates), and t is the time coordinate. Thus an averaging
filter performs both spatial and time averaging. We shall call
the product h(t; T) fz(a) the impulse response of the Aver-
aging Filter.

[0086] 1. Time Averaging Filter. An averaging filter which
performs only time averaging is obtained by setting the
spatial impulse response (test function) of the averaging
filter to be equal to the Dirac d-function, fi(a)=d(a). The
result of the operation of a time averaging filter with an
impulse response h(t; T) on a variable x(a, t) can be
expressed by the convolution integral
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-continued
~ D-15

(Ma, )Y = f dshiz = s; T)x(a, $), ( ) MTD Modulated Threshold Density, page 51
- MRT Mean at Reference Threshold, page 52
MCTD Modulated Cumulative Threshold Distribution, page 66
ARN Analog Rank Normalizer, page 71
[0087] where T is the width (time scale) parameter of the ﬁiF Adeni inaiog ﬁaﬁ E%ten page Zi
filter. For two filters with the width parameters T and AT 'ARS apn‘:nalréagc;‘%anﬁ Selelcttz;’ gzzz a8
such that T>>AT, the former filter is designated as wide, and AQDEF Analog Quantile Density Filter, page 95
the latter as narrow. AQDOF Analog Quantile Domain Filter, page 95
AQVF Analog Quantile Volume Filter, page 95

[0088] Representative Example: An image formed on a
luminescent screen coated with luminophor with the after-
glow half-time T, ,=T In(2) is time averaged by an expo-
nentially forgetting Time Averaging Filter

[0095]
W, T) = e T00)/ T,
Fap D) input-output characteristic of a discriminator, Eq. (3)
[0089] 2. Spatial Averaging Filter. An averaging filter
which performs only spatial averaging is obtained by setting g(X) Heaviside unit step function, Eq. (4)
the time impulse response of the averaging filter to be equal ) Dirac delta function, Eq. (4)
to the. Dirac 6-func.t10n, h(t; T)=6(t) The result. of the 3p FanD) input-output characteristic of a differential
operation of a spatial averaging filter with an impulse D7ab discriminator (probe), Eq. (6)
response (test function) fR(a) on a variable x(a, t) can be
P ( ) ( ) ( > ) volume integral as defined by Eq. (8)
expressed by the convolution integral fx d"r
- Fr(x; a, t) cumulative distribution function, Eq. (9)
(x(r, DYh = f d"rfrla - rx(r, 1), (D-16) fre(x; a, t) density function, Eq. (10)
—%0 X4(a, ) qth quantile for Fg(x; a, t), Eq. (15)
2.(z; 8, B) convolution transform of the density function
f(z; a), Eq. (19)
. . f (a, t uantile density, Eq. (24
[0090] . where R is the width parameter of the filter. For two ffs(a, 2) guantﬂe Volum}; E?l- ((25))
filters with the width parameters R and AR such that R>>AR, <L et e time averages on a time scale T, Eqs. (32) and (33)
the former filter is designated as wide, and the latter as MK}, 1) weighted mean of K with respect to x, Eq. (41)
< ..ot spatial averaging with the test function
narrow. R £), Bq. (47)
R > .
[0091] Representative Example: A monochrome image fR[(DD ‘t)X(t)] mazrolsiogltchthris}llglg der_ltm};:: Eq(-S(ZA;G)
. . . Cxl D, modulate resno. ensity, Bg.
given by the matrix Z=Z;;(t) can be spatially averaged by a {MKY(D, mean at reference threshold, Eq. (53)
smoothing filter Win,n Zm)nWmn=1 as b(D, t) amplitude density, Eq. (54)
(D, t) counting density, Eq. (55)
u N RD, v counting rates, Eq. (56)
Dfin= D, D, WnZiomjm(0):
m=—Mn=—N h,(t) RC,, time impulse response function, Eq. (57)
E,(D, t estimator of differences in quantile domain
q q
between the mean at reference
. . . threshold and the time average, Eq. (63)
[0092] Some other terms and their definitions which CulD, 1) modulated cumulative threshold

appear in this disclosure will be provided in the detailed
description of the invention.

Notations

Selected Notations and Where They First Appear

Cic [x(0), t]

distribution, Eq. (64)

signal x(t), rank normalized with respect to
the reference distribution

Ck (D, ), Eq. (81)

Ko Ko = <K (<K ™), Eq. (84)
[0093] For convenience, lists of the acronyms and selected Qu(t @) Z’:St(lg ag’raﬁg %ff(%ensesEsegz)e n distributions
. . . .. . . alD; bl ), £q.
notations used in the detailed description of the invention are A O statistic of a type of Eqgs. (95) and (97)
pI‘OVided below. for comparison of two distributions
Py(®) probability that a value drawn from the
. first sequence is ¢ times larger than the one
Selected Acronyms and Where They First Appear drawn from the second sequence, Eq. (100)
[0094] b(D; t, u(w)) threshold averaged instantaneous density for
a continuous ensemble of variables, Eq. (120)
B(D; t, n(w) threshold averaged instantaneous cumulative

AVATAR Analysis of Variables Through Analog page 11

Representation,

ex(D; t, )

distribution for a continuous ensemble of
variables, Eq. (121)

modulated threshold density for a continuous
ensemble, Eq. (122)
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Ck(D; t, n(w)) modulated cumulative distribution for a

continuous ensemble, Eq. (123)

cx(D; a, t) modulated threshold density for a scalar
field, Eq. (131)
cx(D; a, t) modulated threshold density for a vector

field, Eq. (138)

modulated threshold density for an
ensemble of vector fields, Eq. (139)
mean at reference threshold for a
vector field input variable, Eq. (140)
quantile domain factor, Eq. (144)

cx(D; a, t, n(w)
{MXK}T,A(D; a, t)

Sq(D; a, )

DETAILED DESCRIPTION OF THE
INVENTION

[0096] The Detailed Description of the Invention is orga-
nized as follows.

[0097] In Section 1 (p.34) we identify the general form of
a variable which is subject to analysis by this invention, and
provide several examples demonstrating the convenience of
such a general representation.

[0098] In Section 2 (p. 35) we use the example of a single
scalar variable to describe the basic elements of the analysis
system adopted in this disclosure, and introduce the dis-
criminators and probes as the sensors of such a system. The
example of a single scalar variable is used to illustrate that
the use of discriminators and probes enables us to reformu-
late many algebraic problems of the conventional analysis of
variables as geometrical problems in the threshold space.
The particular continuous fashion in which this geometrical
extension is performed enables the solution of these prob-
lems by methods of differential geometry. In Section 3 (p.
39) we describe some of the exemplary discriminators and
the respective probes.

[0099] In Section 4 (p. 40) we introduce the normalized
scalar fields in the meaning adopted for the purpose of this
disclosure as the density and cumulative distribution func-
tions in the threshold space. We provide a tangible example
of how the usefulness of these objects extends beyond
making details of the analysis intuitive and more available
for human perception by analogy with the ordinary space.

[0100] InSection 5 (p.42) we provide several examples of
equations which reflect the geometrical properties of the
threshold distributions, and are later used for development
of various practical embodiments of AVATAR. In particular,
the definitions of the quantile density, domain, and volume
are given along with the explanatory examples.

[0101] Section 6 (p. 47) contains a brief additional dis-
cussion of possible relationships between the input and the
reference variables.

[0102] In Section 7 (p. 49) we give an introduction to a
more general definition of the modulated threshold densities
by analyzing an example of the threshold crossing density,
a quantity which cannot be defined for digitized data.

[0103] In Section 8 (p. 51) we generalize the result of
Section 7 by introducing the modulated threshold densities
and the weighted means at thresholds. Along with explana-
tory examples, we show that the weighted mean at reference
threshold is indeed a measurement of the input variable in
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terms of the reference variable. We also outline an approach
to computation of the mean at reference threshold by analog
machines.

[0104] In Section 9 (p. 55) we interpret the process of
measurement by real analog machines as a transition from
the microscopic to macroscopic threshold densities, or as
threshold averaging by a probe. Thus we introduce the main
practical embodiments of AVATAR as the modulated thresh-
old density (Eq. (52)) and the mean at reference threshold
(Eq. (53)), along with the specific embodiments of the
amplitude (Eq. (54)) and counting (Eq. (55)) densities, and
the counting rates (Eq. (56)). We also provide a simplified
diagram of a continuous action machine implementing the
transformation of the multivariate input variable(s) into the
modulated threshold densities.

[0105] In Section 10 (p. 58) we consider a specific type of
weighting function, which is a convenient choice for time
averaging in various embodiments of AVATAR.

[0106] In Section 11 (p. 59) we focus on some of the
applications of AVATAR for enhancement of analysis
through geometric interpretation of the results. We give
several examples of displaying the modulated threshold
densities and provide illustrative interpretation of the
observed results. Among various examples of this section,
there are examples of displaying the time evolution of the
quantile density, domain, and volume. In this section, we
introduce such practical embodiments of AVATAR as the
phase space amplitude density (Eq. (60)), the phase space
counting density (Eq. (61)), and the phase space counting
rates (Eq. (62)). We also provide the illustrative examples of
displaying these densities and the rates. In Subsection 11.1
we give some illustrative examples of continuous action
machines for displaying the modulated threshold densities
and their time evolution.

[0107] In Section 12 (p. 65) we provide a practical
embodiment (Eq. (63)) of an estimator of differences in the
quantile domain between the mean at reference threshold
and the time average of a variable.

[0108] In Section 13 (p. 66) we provide a practical
embodiment of the modulated cumulative distribution (Eq.
(64)) and describe how the transition from the densities to
the cumulative distribution functions in various practical
embodiments is formally done by replacing the probes by
their respective discriminators. Even though the multivariate
cumulative distribution function is often disregarded as a
useful tool for either graphical or data analytical purposes
(Scott, 1992, page 35, for example), it is an important
integral component of AVATARR and is used in its various
embodiments.

[0109] In Section 14 (p. 67) we develop simple unimodal
approximations for an ideal density function, that is, the
density function resulting from the measurements by an
ideal probe. Although these approximations are of limited
usage by themselves, they provide a convenient choice of
approximations for the rank normalization.

[0110] In Section 15 (p. 71) we introduce several practical
embodiments of rank normalization, such as the general
formula for the rank normalization with respect to the
reference distribution Cy (D, t) (Eq. (86)), normalization by
a discriminator with an arbitrary input-output response (Eq.
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(88)), and normalization of a scalar variable by a discrimi-
nator with an arbitrary input-output response (Eq. (89)).

[0111] In Section 16 (p. 74) we discuss the usage of the
rank normalization for comparison of variables and for
detection and quantification of changes in variables. We
provide several simplified examples of such usage and
describe a practical embodiment of a simple estimator of
differences between two distributions (Eq. (92)). In Subsec-
tion 16.1 we provide additional exemplary practical embodi-
ments of the estimators of differences between two time
dependent distributions, Eqs. (95) and (97). In Subsection
16.2 we provide an example of the usage of these estimators
for comparing phase space densities and for addressing an
exemplary speech recognition problem. We also give an
outline of an approach to implementation of such compari-
son in an analog device. In Subsection 16.3 we provide an
embodiment for a time dependent probabilistic comparison
of the amplitudes of two signals (Eq. (102)).

[0112] In Section 17 (p. 81) we discuss the usage of
AVATAR for analog implementation of rank filtering.

[0113] In Section 18 (p. 82) we discuss the two principal
approaches to analog rank filtering of a single scalar variable
enabled by AVATAR: (1) an explicit expression for the
output of a rank filter (Subsection 18.1), and (2) a differential
equation for the output of such a filter (Subsection 18.2). In
Subsection 18.1, we also describe a practical embodiment
(Eq. (105)) for the explicit analog rank filter.

[0114] In Section 19 (p. 84) we briefly discuss the usage
of a particular choice of a time weighting function in analog
rank filters.

[0115] In Section 20 (p. 84) we describe the main embodi-
ment (Eq. (113)) of an adaptive analog rank filter. In

Subsection 20.1, we also provide an alternative embodiment
(Eq. (117)) of this filter.

[0116] In Section 21 (p. 87) we extend the definitions of
the modulated threshold densities and cumulative distribu-
tions to include ensembles of variables. We provide the
expressions for the threshold averaged instantaneous density
and cumulative distribution of a continuous ensemble, Egs.
(120) and (121), and for the modulated density and cumu-
lative distribution of a continuous ensemble of variables,
Eqgs. (122) and (123).

[0117] In Section 22 (p. 88) we introduce the analog rank
selectors, and provide the equations for the analog rank
selectors for continuous (Eq. (126)) and discrete (Eq. (129))
ensembles.

[0118] In Section 23 (p. 90) we describe the embodiment
of an adaptive analog rank filter for an ensemble of vari-
ables, Eq. (130).

[0119] In Section 24 (p. 90) we introduce the modulated
threshold densities for scalar fields, Eq. (131).

[0120] In Section 25 (p. 91) we describe the analog rank
selectors and analog rank filters for scalar fields, Egs. (133),
(134), and (135). In Subsection 25.1, we provide an example
of filtering monochrome images using a simple numerical
algorithm (Eq. (136)), implementing an analog rank selector
for scalar fields.

[0121] In Section 26 (p. 93) we complete the description
of the primary embodiment of the AVATAR by generalizing
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the modulated threshold densities to include vector fields,
Eq. (138), and ensembles of vector fields, Eq. (139).

[0122] In Section 27 (p. 94)) we provide the description of
the mean at reference threshold for a vector field input
variable, Eq. (140).

[0123] In Section 28 (p. 95) we describe such important
embodiments of AVATAR as the analog filters for the
quantile density, domain, and volume. These quantities are
defined in AVATAR for multivariate densities, and thus they
are equally applicable to the description of the scalar vari-
ables and fields as well as to the ensembles of vector fields.

[0124] 1In Section 29 (p. 97) we provide several additional
examples of performance of analog rank filters and selectors.

[0125] 1In Section 30 (p. 102) we provide a summary of
some of the main transformations of variables employed in
this disclosure.

1 Variables

[0126] In order to simplify dividing the problem of mea-
surement and analysis of different variables into specific
practical problems, let us assume that a variable X can be
presented as an ensemble of vector fields, that is, it can be
written as

1
x= r dpn(,a, 1, M

[0127] where n(y) du is the weight of the uth component
of the ensemble such that

rdﬂﬂ(#) =N,

[0128]
dinate.

a is the spatial coordinate, and t is the time coor-

[0129] Convenience of the general representation of a
variable by Eq. (1) can be illustrated by the following simple
examples. As the first example, consider a vehicle in a traffic
control problem. The position of this vehicle can be
described by a single vector variable x x(t). If, however, we
are measuring the weight of the vehicle’s cargo, it might be
more convenient to describe it as a scalar field x x(a, t), since
the weight x at a given time depends on the position vector
a. If we now extend our interest to the total weight of the
cargo carried by N different vehicles, this weight is conve-
niently expressed by an ensemble of scalar fields

x= f dun(pxa, 1),
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[0130] where a is the position vector,

N
n(w =n(@)y " 6=, x

i=1

[0131] is the cargo capacity (volume of the cargo space) of
the i th vehicle, and n(i) is the density (weight per unit
volume) of the cargo in the ith vehicle. Notice that all the
different variables in this example can be written in the
general form of Eq. (1).

[0132] As a second example, a monochrome image at a
given time is determined by the intensity of the color at
location a, and thus it is conveniently described by a scalar
field x=x(a, t). A truecolor image is then naturally expressed
by a vector field x=x(a, t), where the color is described by
its coordinates in the three-dimensional color space (red,
green, and blue), at the position a. We can also consider a
“compound” image as a finite or infinite set of such images,
weighted by the weights n(u). For example, such a com-
pound image can be thought of as a statistical average of the
video recordings, taken by several different cameras.

[0133] Additional particular examples of analysis of the
variables satisfying the general form of Eq. (1) will be
provided later in the disclosure.

2 Basic Elements of System for Analysis of
Variables

[0134] A system for analysis of variables adopted in this
disclosure comprises such basic elements as a Threshold
Filter, which can be either a Discriminator or a Probe, and
an Averaging Filter operable to perform either time or spatial
average or both time and spatial average. This system can
also include optional modulation and normalization by a
Modulating Variable. A simplified schematic of such a basic
system for analysis of variables is shown in FIG. 1a. This
system is operable to transform an input variable into an
output variable having mathematical properties of a scalar
field of the Displacement Variable. The Threshold Filter (a
Discriminator or a Probe) is applied to a difference of the
Displacement Variable and the input variable, producing the
first scalar field of the Displacement Variable. This first
scalar field is then filtered with a first Averaging Filter,
producing the second scalar field of the Displacement Vari-
able. Without optional modulation, this second scalar field is
also the output variable of the system, and has a physical
meaning of either an Amplitude Density (when the Thresh-
old Filter is a Probe), or a Cumulative Amplitude Distribu-
tion (when the Threshold Filter is a Discriminator) of the
input variable.

[0135] A Modulating Variable can be used to modify the
system as follows. First, the output of the Threshold Filter
(that is, the first scalar field) can be multiplied (modulated)
by the Modulating Variable, and thus the first Averaging
Filter is applied to the resulting modulated first scalar field.
For example, when the Threshold Filter is a Probe and the
Modulating Variable is a norm of the first time derivative of
the input variable, the output variable has an interpretation
of a Counting (or Threshold Crossing) Rate. The Modulating
Variable can also be filtered with a second Averaging Filter
having the same impulse response as the first Averaging
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Filter, and the output of the first Averaging Filter (that is, the
second scalar field) can be divided (normalized) by the
filtered Modulating Variable. As will be discussed further in
the disclosure, the resulting output variable will then have a
physical interpretation of either a Modulated Threshold
Density (when the Threshold Filter is a Probe), or a Modu-
lated Cumulative Threshold Distribution (when the Thresh-
old Filter is a Discriminator). For example, when the Thresh-
old Filter is a Probe and the Modulating Variable is a norm
of the first time derivative of the input variable, the output
variable will have an interpretation of a Counting (or
Threshold Crossing) Density.

[0136] Let us now describe the basic elements of the
analysis system adopted in this disclosure in more details,
using the measurement a single scalar variable x=x(t) as an
example. We assume the data acquisition and analysis
system which comprises the elements schematically shown
in FIG. 1b. Let the input signal be a scalar function of time
x(t). This input signal (Panel I) is transformed by the
discriminator (Panel I1a) into a function of two variables, the
time t and the displacement D. The latter will also be called
threshold in the subsequent mathematical treatment. The
result of such transformation of the input signal by the
discriminator is illustrated in Panel IIla. We will provide
illustrative examples of such a measuring system below.

[0137] The input-output characteristic of the discriminator
is described by the continuous monotonic function F,p(x)
and is illustrated in Panel I1a. We shall agree, without loss of
generality, that

XLHE;O Fap(x)=0 2
Fap(0) = L
ap(0) = 3

lim FAD(X) =1

[0138] Although the convention of Eq. (2) is not neces-
sary, it is convenient for the subsequent mathematical treat-
ment. One skilled in the art will now recognize that a
discriminator can thus be interpreted as a threshold integrat-
ing filter. The dependence of FAD on the width parameter
AD then can be chosen in such way that F,, approaches the
Heaviside unit step function (Arfken, 1985, p. 490, for
example) as AD approaches a suitable limit, namely

dm Fap(D =) =8(D = %), ©)

[0139] where 6(x) is defined as

0 forx<0 4

x 1
0(x)=f dsd(s) = 5f0rx=0,

1 forx>0

[0140] and d(x) is the Dirac d-function. When the func-
tional form of the discriminator is the Heaviside unit step
function O(x), such discriminator will be called an ideal
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discriminator. Some other exemplary functional choices for
discriminators will be discussed further.

[0141] As an illustration, consider the following example.
Imagine that the signal x(t) in Panel I is an electrical current
which we measure with the ammeter of Panel Ia. The scale
of the ammeter is calibrated in units of current, and D is our
reading of this scale. Then F,,(D-x) can be interpreted as
the probability that our measurement (reading) D exceeds
the “true” value of the input current x, and AD is indicative
of the precision of the instrument (ammeter). Thus F,[D-
x(t)] (Panel IIIa) is just such probability with respect to a
time-varying input signal, and this probability is now a
function of both threshold and time. Notice that this function

z=F sp Dxx() -, D) ®

[0142] is represented in a three-dimensional rectangular
coordinate system by a surface, which is the geometric locus
of the points whose coordinates t, D, and z satisfy Eq. (5).
Thus the methodological purpose of the measurements by a
means of discriminators and probes can be phrased as
“raising” the “flat” problem of the analysis of the curve on
a plane into the “embossed” surface problem of a three-
dimensional space. This alone enables new methods of
analysis of the signal x(t), and allows more effective solu-
tions of the existing problems of the prior methods. As a
simple analogy, consider the problem of constructing four
equilateral triangles out of six wooden matches. This task
cannot be achieved on a plane, but can be easily accom-
plished by constructing a tetrahedron in a three-dimensional
space.

[0143] The output of the discriminator can be differenti-
ated with respect to the displacement (threshold). The same
can be achieved by a means of transforming the input signal
by a differential discriminator, or probe, as illustrated in
Panels IIb and IIIb. The input-output characteristic of a
probe is coupled with the one of the discriminator by the
relation

d 6
OpFap(D —x) = %TAD(D—X), ©

[0144] where dp, denotes differentiation with respect to the
threshold D. As follows from the description of a discrimi-
nator, it is convenient, though not necessary, to imagine
d Fap to be nonnegative. It is simplest to assume that
IpFAp(X) has a single extremum at x=0, and vanishes at
X=+00,

[0145] As another example, consider a voltage x(t) (Panel
I) applied to the vertical deflecting plates of an oscilloscope
(Panel IIb). If the vertical scale of the graticule is calibrated
in units of voltage, we can imagine dF,(D-x) to be the
brightness (in the vertical direction) of the horizontal line
displayed for the constant voltage x, with AD indicative of
the width of this line. Then I F, [D-x(t)] (Panel IIb)
describes the vertical profile of the brightness of the dis-
played line for the time-varying input signal x(t).

[0146] As will be discussed subsequently, the input-output
characteristic of a probe can be called the threshold impulse
response function of the detection system. One skilled in the
art will recognize that a probe can thus be interpreted as a
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threshold smoothing filter. The functional form of the probe
will also be called the (threshold) test function in the
subsequent mathematical treatment. Clearly, as follows from
Eqgs. (4) and (6), the threshold impulse response of an ideal
detection system, that is, a system employing ideal discrimi-
nators, is described by the Dirac d-function. Some other
exemplary functional choices for probes will be discussed
further.

[0147] For the purpose of this disclosure, we will further
refer to the measuring system comprising the non-ideal
discriminators and probes as a “real” measuring system. The
output of such a system, and thus the starting point of the
subsequent analysis, is no longer a line in the time-threshold
plane (as in the case of an ideal system), but a continuous
surface (see Eq. (5), for example). Based on the described
properties of the discriminators and probes, one skilled in
the art will now recognize that discriminators and differen-
tial discriminators effectively transform the input signal into
objects with mathematical properties of cumulative distri-
bution and density functions, respectively. The main purpose
of such transformation is to enable differentiation with
respect to displacement (threshold), while preserving, if
originally present, differentiability with respect to space and
time. If the original input signal is not time-differentiable
(e.g., the input signal is time-sampled), differentiability with
respect to time can always be enabled by introducing time
averaging into the acquisition system. Likewise, differen-
tiability with respect to spatial coordinates can be enabled by
spatial averaging.

[0148] Particular practical embodiments of the discrimi-
nators and probes will depend on the physical nature of the
analyzed signal(s). For example, for a scalar signal of
electrical nature, the discriminator can be viewed as a
nonlinear amplifier, and the threshold as a displacement
voltage (or current, or charge). If the incoming signal
describes the intensity of light, then the displacement can be
a spatial coordinate z, and the discriminator can be an optical
filter with the transparency profile described by F,(z). The
differential discriminator (probe) can then be implemented
through the techniques of modulation spectroscopy (see
Cardona, 1969, for example, for a comprehensive discussion
of modulation spectroscopy). As an additional example,
consider the modification of the previously discussed current
measurement as follows. Imagine that a gray optical filter is
attached to the needle of the ammeter, and the white scale is
observed through this filter. Assume that when no current
flows through the ammeter, the blackness observed at the
position D on the scale is F,(D), with zero corresponding
to the maximum intensity of the white color, and “1”
representing the maximum blackness. Then F,[D-x(1)]
will describe the observed blackness of the scale for the
time-varying signal x(t) (see Panel Illa in FIG. 1b). If the
profile of the filter were changed into dF (D), then the
observed darkness of the scale will correspond to the output
of a probe rather than a discriminator (see Panel IIb in FIG.
1b). Since the mathematical description of any practical
embodiment will vary little, if at all, with the physical nature
of the measuring system and analyzed signal, we will further
use the mathematical language without references to any
specific physical (hardware) implementation of the inven-
tion. It is also understood that all the formulae manifesta-
tions of the embodiments immediately allow software
implementation.
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3 Exemplary Discriminators and Probes

[0149] Given the input x, the value of 8(D-x) is inter-
preted as the output of an ideal discriminator set at threshold
D (see Nikitin et al., 1998, and Nikitin, 1998, for example).
Thus the value

of 6(D—-x)= ;;DO(D —x)

[0150]

[0151] Input-output characteristics of some exemplary
discriminators and the respective probes are shown in FIG.
2. Notice that although we show only symmetric discrimi-
nators, asymmetric ones can be successfully applied for
particular tasks, as well as any linear combination of the
discriminators. A particular mathematical expression
describing the input-output characteristic of a discriminator
is important only for mathematical computations and/or
computer emulations. Any physical device can serve as a
discriminator, as long as its input-output characteristic and
the characteristic of the respective probe satisfy the require-
ments for a test function, e.g., Egs. (2), (3), and (6).

[0152] For those shown in FIG. 2, the mathematical
expressions are as follows:

is the output of an ideal probe.
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[0154] Let us further use the notation for a volume integral
as follows:

fx d"rf(r):fx1 drl...fxndrnf(r),

[0155] where x=(X, . . ., X,) and r=(r; , . . . 1)) are
n-dimensional vectors. This definition implies Cartesian
coordinates, which we also assume in further presentation. If
the subsequent equations need to be re-written in curvilinear
coordinates (e.g., for the purpose of separation of variables),
this can be done by the standard transformation techniques.
Refer to Artken, 1985, Margenau and Murphy, 1956, or
Morse and Feshbach, 1953, for example, for a detailed
discussion of such techniques.

[0156] Now let Fi(x; a, t) be a space and time dependent
cumulative distribution function, i.e.,

®

Fr(x;a,0) = fx d"rfx(r; a, 1), ©

[0157] where f(x; a, t) is a density function, i.e., fi(X; a,
t)=0, and

M

Gaussi oo Fap(D) = —— (D) Fan(D) = serf =2
aussian: pFAp =——e s AD = el =)
ADVr= 2 AD
1 D27t 11 D
Cauchy: Op Fap(D) = D 1+ (E) } s Fap(D) = 3 + ;arctan(ﬁ);
1 o 1 Dé-D) D¢
Laplace: Op Fap(D) = me AD, Fap(D) = 5[1 +e AD —e

. 2D D\
Hyperbolic: dp Fap(D) = E(&?AD +e AD) R

4Normalized Scalar Fields

[0153] Since the invention employs transformation of dis-
crete or continuous variables into objects with mathematical
properties of space and time dependent density or cumula-
tive distribution functions, these properties and their conse-
quent utilization need to be briefly discussed. We will further
also use the collective term normalized scalar fields to
denote the density and cumulative distribution functions.
Note that the term “‘time” is used as a designation for any
monotonic variable, continuous or discrete, common to all
other analyzed variables, which can be used for sequential
ordering of the measurements. Thus “space” is all the
remaining coordinates which are employed to govern the
values of the input variables. The term “threshold space”
will be used for the coordinates describing the values of the
variables. For the purpose of this disclosure only, we will
further also use the term “phase space”, which will be
understood in a very narrow meaning as the threshold space
employed for measuring the values of the variable together
with the values of the first time derivative of this variable.

Q(D)]

rio)= v 2]

(10)

rd”rfk(r; a, n)=1.

[0158] Phase space density (see Nicholson, 1983, for
example) in plasma physics and probability density (see
Davydov, 1988, and Sakurai, 1985, for example) in wave
mechanics are textbook examples of time dependent density
functions. Another common example would be the spectral
density acquired by a spectrometer with spatial and temporal
resolution (see Zaidel” et al., 1976, for example). In Egs. (9)
and (10), the subscript K denotes functional dependence of
Fyx and f on some space and time dependent quantity
(variable) K. That is, although these equations hold for any
given space and time, the shape of fi (and, as a result, the
shape of Fy) might depend on K. The particular way in
which such dependence is introduced and utilized in this
invention will be discussed further in the disclosure. The
usefulness of density and cumulative distribution functions
for analysis of variables extends beyond the fact that the
geometric representation makes details of the analysis intui-
tive and more available for human perception by analogy
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with the ordinary space. It also lies in one’s ability to set up
equations better describing the behavior of the variables than
the algebraic equations of the prior art. As has been dis-
cussed previously, for example, a level line of the cumula-
tive distribution function of a scalar variable in the time-
threshold plane corresponds to the output of an order
statistic filter. It is an easy-to-envision simple geometric
image, having many analogies in our everyday experience
(e.g., topographical maps showing elevations). Since it is a
curve of the plane, it is completely determined by an
algebraic equation with two variables, F(x, y)=0, with the
easiest transition from the implicit to the explicit form as a
well-known differential equation (see Bronshtein and
Semendiaev, 1986, p. 405, Eq. (4.50), for example):

Filx y() an

YR

[0159] As another example, imagine that the function
fx(x; a, t) in a traffic control problem describes the density
of cars (number of cars per unit length of the road). Then the
properties of this density function might be analogous to the
properties of the density of fluid. They will, for example,
satisfy the continuity equation (Arfken, 1985, p. 40, for
example). Then fluid equations will be the most appropriate
for the description of the properties of the density function
of the traffic problem. Specific applications of the density
functions will, of course, depend on the physical nature (or
applicable physical analogy) of the variables involved, that
is, on the nature of t, a, and X, and on the constraints imposed
on these variables. In the next subsection, we will provide
several examples of the equations involving the threshold
distribution and density functions, which might be of gen-
eral usage for analysis of variables.

5 Rank Normalization, Rank Finding, and Rank
Filtering

[0160] Using the above definitions for the normalized
scalar fields, we can now introduce several examples of
additional transformations of variables. Some of these equa-
tions will be used further in the disclosure for development
of various practical embodiments of AVATAR. Let us first
identify rank normalization and filtering of variables as
follows.

[0161] Let us consider a new (dimensionless scalar) vari-
able (field) y(a, t) defined as

(a,1) (12)
¥ia. 1) = Fylx(a. 15,0, 1] = f & rfctri a0,

—ca

[0162] where x(a, t) is an arbitrary variable. Apparently,
0=y(a, =1. Since 9,, Fr(x; a, 1)=0, where 9, denotes a
partial derivative with respect to x;, Eq. (12) defines rank
normalization of the variable x(a, t) with respect to the
reference distribution Fy. Rank normalization transforms a
variable into a scalar variable (or scalar field, if the trans-
formed variable is a field variable), the magnitude of which
at any given time equals to the value of the reference
distribution evaluated at the value of the input variable at a
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this time. Thus Fy provides a (nonlinear) scale for measure-
ment of x(a, t). We will discuss rank normalization in more
details later in the disclosure.

[0163] Differentiating Eq. (12) with respect to time leads
to yet another defining equation for an analog rank normal-
izes (ARN) as follows:

y=3Fx(x; a, OV IF (%, a, 1), 13)

[0164] where 9, denotes a partial derivative with respect to
t, and X-V_ in Cartesian coordinates is simply

(14

[0165] Let us now introduce another transformation of
variables, which can be interpreted as rank filtering. By
definition, x, is the qth quantile of Fy(x; a, t) when

Fylaga, ) = f * d" rfc(r; a, 1) = g = constant, (1

[0166] where 0=q=1 is the quantile value. Note that Eq.
(15) describes a simple surface in the threshold space. When
the variable x is a scalar, that is, x(a, t)=x(a, t), this surface
is a point on the threshold line, and thus (as has been
previously discussed) Fr(x,; a, )=q describes a level line in
the time-threshold plane. Taking the full time derivative of
F(x,; a, t) allows us to rewrite Eq. (15) in differential form
for a family of equtiquantile surfaces in the threshold space
as

AF K(xq; a, t)+(xqvx)F K(xq; a, 1)=0. (16)

[0167] We can further introduce some constraints on X,
such as constraints on the direction of X, or other subsidiary
conditions. For example, if we allow only the nth component
of xq to depend on time, the time derivative of this com-
ponent can be written as

Xgn =—

9, Fx(xg3a, 1) an
G F]

OFkgian
o P02 . )

[0168] assuming that all derivatives in this equation exist.
Eq. (17) thus defines an analog rank filter (ARF). The latter
can also be called analog order statistic filter (AOSF), or
analog quantile filter (AQF). Note that even though we adopt
the existing digital signal processing terminology such as
“order statistic filter”, this is done by a simple analogy
between the geometric extension of the AVATAR and the
definitions in the discrete domain. Our definitions cannot be
derived from the algebraic equations defining order statistic
filtering in digital signal processing. Note also that a par-
ticular form of Eq. (17) depends on the nature of constraints
imposed on x,,. For the important special case of the input
variable as an m-dimensional surface, that is, a scalar field
x=z(a, t), where a (a,, . . . ,a,), Eq. (17) reads as
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(@) = 9 Fxlzg(a, D); 0, 1] (18)
O T e vy
[0169] In numerical computations, Egs. (17) and (18) can

be considered to be modifications of the Newton-Raphson
method of root finding (see Press et al., 1992, for example,
and the references therein for the discussion of the Newton-
Raphson method).

[0170] When the distribution function does not depend on
time explicitly, Fr=F(z; a), we can introduce an explicit
parametric dependence of the density function on some f3,
for example, through the convolution transform

ad 1
golza. B = f dego(B - o) (5 @), 4

[0171] such that g (z; a, ) approaches fi(z; a) as ce
approaches a suitable limit, for example, when ¢,(B—€)
approaches the Dirac d-function d(f-€). Then the equality

24(a) (20)
f degalsia, B =g

[0172] Ileads to the equation for an analog rank finder, or
analog rank selector, as follows:

2g(a.5) 21)
. [T dcop0ap
R R Yy Ty TR
[0173] Introducing parametric dependence through the

convolution transform will later be shown to be convenient
in rank selectors for an ensemble of time dependent vari-
ables, since the parameter § can be chosen to be the time
itself. Clearly, there are plenty of alternatives for introduc-
tion of such parametric dependence. For example, one can
choose fi(e; a, a)=p(a)fx(e; a) with ¢(c) such that lim_,
wp(c)=1. As an illustration, the choice ¢p(c)=1-(1-q)e™
leads to

iz _ q-Fk(zg; @) (22)
da™ [1-(1 -@e*]fx(zs; a)

[0174] where z(a, ) rapidly converges to the “true”
value of z_(a). Notice again that the definitions of the analog
rank selectors require the existence of fi, that is, the
threshold continuity of Fy, and thus cannot be introduced in
the digital domain. Finally, the threshold continuity of the
distribution function allows us to write, for both time
dependent and time independent scalar fields, an explicit
expression for the q th quantile of Fi(x; a, t) as
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Xqla, 1) = foo drrfi(r, a, DS[Fk(r; a, 1) —q). @3

o0

[0175] The derivation and properties of this equation for
rank filtering will be discussed later in the disclosure.
Further, we will also provide a means of evaluating this
expression by analog machines.

[0176] Let us also define another type of rank filtering,
which, unlike the rank filtering defined earlier, is applicable
to multivariate variables and does not (and cannot) have a
digital counterpart, as follows:

r d"rfx (r; a, DO fx (r; a, 1) = fo(a, D] = g = constant, 24

—oa

[0177] where £ (a, 1) is quantile density. Since the density
function fi(x; a, t) vanishes at x,=+o0, the surface in the
threshold space defined by Eq. (24) encloses the series of
volumes (regions in the threshold space) such that fi(x; a,
)>f(a, 1), and the integral of f(x; a, t) over these volumes
is equal to q. We shall call this series of regions in the
threshold space the quantile domain. Notice that the left-
hand side of Eq. (24) is non-increasing function of f (a,
t)=0. Later in the disclosure, we will provide a means of
finding f (a, t) by continuous action machines.

[0178] We shall designate the total volume enclosed by the
surface defined by Eq. (24) as quantile volume R, which
can be computed as

25
Rq(a,t):ﬁd”r@[fk(r;a,t)—fq(a,t)]. 23

[0179] Notice that the quantile density indicates the value
of the density likely to be exceeded, and the quantile volume
gives the total volume of the highest density regions in the
threshold space. As an example, consider the density of the
cars in a city. The median density will indicate the degree of
congestion on the roads, providing the number of cars per
unit length of a road (or, inversely, “bumper-to-bumper”
distance) such that half of the traffic is equally or more
dense. Then the median domain will indicate the regions
(stop lights and intersections) of such congested traffic, and
the median volume will give the total length of the congested
roads. As another simple example, consider the price
(amount per area) of the land in some geographic region.
The median density will be the price such that the total
amount paid for the land equally or more expensive will be
half of the total cost of the land in the region. Then the
median domain will map out these more expensive regions,
and the median volume will give the total area of this
expensive land. Notice that even though in the latter
example the “median density” is price (it has the units of
amount per area), it is not the “median price” in its normal
definition as “the price such that half of the area is less (or
more) expensive”. Later in the disclosure, we will provide a
means of computation of the quantile domain and volume by
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continuous action machines. Since the distribution and den-
sity functions Fy. and i depend on the quantity K, compari-
son of these functions with respective Fy. and fi. for a
different quantity K' will provide a means for assessment of
K and K' in their relation to the reference variable, that is, to
the variable for which the distribution and density were
computed. For example, the equality Fr=F., when K=K'
will indicate that even though K and K' are not equal, they
are equivalent to each other in their relation to the reference
variable, at least under the conditions of the conducted
measurement. When the quantity K represents the reference
variable in some way so that the behavior of K reflects some
aspects of the behavior of the reference variable, the refer-
ence variable should be considered a component of the
measured signal or process rather than a part of the acqui-
sition system. In this case, we shall designate the reference
variable as the input variable and call the quantity K an
associated variable, or an associated signal. When such
interdependence between K and x is not only implied or
suspected, but defined in some particular way, we will also
call x the input variable, and K a property of the input
variable.

[0180] The particular way in which the dependence of the
density and the cumulative distribution functions on K are
introduced in this invention can be interpreted as measuring
the input variable K in terms of the rate of change of the
reference variable x at a certain threshold D. The details of
this interpretation will be provided later in the disclosure. In
the next subsection, we will briefly discuss some aspects of
the relationship between the input and the associated vari-
ables.

6 Relationship Between Input and Associated
Variables

[0181] In order to implement comparison of variables of
different natures, it is important to have a reference system,
common for all variables. Naturally, time (t) is one of the
coordinates in this reference system, since it equally
describes evolution of all measured variables. Time can also
serve as a proxy for any monotonically ordered index or
coordinate. For brevity, we shall call the remaining coordi-
nates governing the values of the variables the spatial
coordinates (a). Time and space are the third and second
arguments, respectively, in the dimensionless object, cumu-
lative distribution function, we are to define. We will call the
first argument of the cumulative distribution the threshold,
or displacement (D), and the units of measurements of this
argument will be the same as the units of the input (refer-
ence) variable.

[0182] There is plenty of latitude for a particular choice of
an associated variable K, and a variety of ways to introduce
the coupling between K and the input variable. For the
purpose of this disclosure, it would be of little interest to us
to consider an a priori known K other than K=constant. Thus
K must not be confused with the part of the acquisition
system and rather should be considered a component of the
measured phenomenon. The relationship between K and the
input variable can be of a deterministic nature, such as
mathematical transformation, or a result of physical depen-
dence. For example, the reference variable can be the
instantaneous air temperature, and the associated variable
can be the instantaneous humidity. Then we might be
interested in measuring the dependence of the humidity on
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the temperature variations at a given temperature. Or, the
reference variable can be the total population of the psychi-
atric wards in the United States, and the associated variable
the Dow Jones Industrial Average. Then one might try to
investigate how the rate of change in the mental health of the
nation affects the economic indicators. One skilled in the art
will recognize that such dependence between the input and
the reference variable is most naturally described in terms of
their joint distribution. However, such a joint distribution
will be a function of the threshold coordinates of both the
input and the reference variables. Thus a different input
variable will require a different threshold space for the
description of its dependence on the reference variable. In
order to enable comparison between input variables of
different natures, we would desire to use the reference
system common to both input variables, that is, the threshold
coordinates of the reference variable.

[0183] As we will try to illustrate further, the choice of
both reference and associated variables should be based on
the simplicity of treatment and interpretation of the results.
For our illustrative purposes, pursuant to easy and useful
interpretation, we introduce non-constant associated vari-
ables only as norms of the first two time derivatives of the
input signal, |%| and |%|. Our choice of coupling as modula-
tion, as further described in detail, is based solely on the
immediate availability of physical interpretation of the
results in the case of K=|%|. For example, the cases K=con-
stant and K=|X| relate to each other as the charge and the
absolute current in electric phenomena. This coupling (as
modulation) allows the input (reference) variable to provide
a common unit, or standard, for measuring and comparison
of variables of different nature. This coupling also enables
assessment of mutual dependence of numerous variables,
and for evaluation of changes in the variables and in their
dependence with time. For example, dependence of eco-
nomic indicators on social indicators, and vice versa, can be
analyzed, and the historical changes in this dependence can
be monitored. Different choices of associated wvariables,
however, may benefit from different ways of coupling.

[0184] For the purpose of this disclosure, we assume that
continuous is synonymous to differentiable. Whenever nec-
essary, we assume a continuous input variable x(a, t). When
the definition of a particular property requires continuity of
derivatives of the input variable, such continuity will also be
assumed. For instance, the definitions of the densities for the
threshold accelerations and for the phase space threshold
crossing rates of a scalar variable x(t) will require continuity
of the first time derivative x(t) of the input variable. Of
course, all the resulting equations are applicable to digital
analysis as well, provided that they are re-written in finite
differences.

7 Threshold Density for Counting Rates of Single
Scalar Variable

[0185] As an introduction to a more general definition, let
us consider a single scalar continuous-time variable (signal)
x(t), and define a time dependent threshold density for this
signal’s counting (threshold crossing) rates. First, we notice
that the total number of counts, i.c., the total number of
crossings of the threshold D by the signal x(t) in the time
interval 0=t=T. can be written as (see Nikitin et al., 1998,
and Nikitin, 1998, for example)
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T 26
N(D):Zfo dis(t— 1), @6)

[0186] where d(x) is the Dirac d-function, and t; are such
that x(t)=D for all i. Using the identity (Rumer and Ryvkin,
1977, p. 543, for example)

0x - x;) @n

Sla—fx)] = Z e

[0187] we can rewrite Eq. (26) as

r 28)
ND) = f dilx(0I6[D - x(0),
0

[0188] where the dot over x denotes the time derivative. In
Eq. (27), |[f(x)| denotes the absolute value of the function
derivative with respect to x and the sum goes over all x; such
that f(x;)=c.. Thus the expression

17 (29)
R(D)= f dixOI[D - x(D] =
0

: f as 2 oo - )

[0189] defines the counting, or threshold crossing, rate.

[0190] FIG. 3 illustrates the counting process for a con-
tinuous signal. This illustration utilizes the fact that

d
(%) = = 0(x).

[0191] where 6(x) is the Heaviside unit step function, and
thus 8[x(t)-D]=x()d(t)-D] by differentiation chain rule.

[0192] Replacing the rectangular weighting function in
Eq. (29) by an arbitrary time window h(t), the rate of
crossing of the threshold D by the signal x(t) can be written
as the convolution integral

Rn(D, 0 = foo dsh(t — $)|x(5)|S[D — x(5)], G0

[0193] where the time weighting function h(t) is such that

r dshis) =1, @D
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[0194] and is interpreted as a moving (or sliding) window.
It is simplest, though not necessary, to imagine h(t) to be
nonnegative. Notice that now the threshold crossing rate
(Eq. (30)) depends on time explicitly. Note also that in Eq.
(30) this rate is measured by means of an ideal probe
IpF Ap(D-x)=0(D-x) with time impulse response h(t).

[0195] If T is a characteristic time, or duration of h(t), we
will use shorthand notations for the integral

ﬁsm-s; T) o= () G2

=7 (33

[0196] These equations define a time average on a time
scale T. We will consequently use the notations of Egs. (32)
and (33) for both continuous and discrete time averages. The
notation of Eq. (32) will be used whenever the particular
choice of the weighting function is important.

[0197] Noticing that

r dDRy(D, 1) = (|7,

[0198] we can now define the counting (threshold cross-
ing) density as

{HSD - x)r (34)

00 =0,

[0199] where we used the shorthand notation of Eq. (33).

[0200] The meaning of the above equation can be clarified
by its derivation from another simple reasoning as follows.
Note that a threshold crossing occurs whenever the variable
has the value D, and its first time derivative has a non-zero
value. Then the density of such events is expressed in terms
of the joint density of the amplitudes of the variable and its
time derivative as

f ADIDKED; - 3D — 1)y (3

D,n)=
rb.0 5 dD [T dDyD(5(D; - $)8(D — X))y

<f°° dD|D{|6(D, — H)5(D —x)>
—o T

T ([ dDJ7, DD, (D; ~ 05D - x)

{x[6D = x)r
EI

[0201] The significance of the definition of the time
dependent counting (threshold crossing) density, Eq. (34),
stems from the importance of zero-crossings, or, more
generally, threshold crossings, and zero/threshold crossing
rates for many signal processing applications. These quan-
tities characterize the rate of change in the analyzed signal,
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which is one of the most important characteristics of a
dynamic system. The importance of threshold crossing rates
can be illustrated by the following simple physical analogy:
If x(t) describes the location of a unit point charge, then
d(D-x) is the charge density, and thus ||3(D-x) is the
absolute current density at the point D. In the next subsec-
tion, we generalize the above result and provide its addi-
tional interpretation.

8 Modulated Threshold Densities and Weighted
Means at Thresholds

[0202] In order to generalize the above result, let us first
analyze the example shown in FIG. 4. Consider intersec-
tions of a scalar variable x(t) in the interval [0, T] with the
thresholds {D;}, where D;,,=D;+AD. The instances of these
crossings are labeled as {t;}, t;;>t;. The thresholds {D;} and
the crossing times {t;} define a grid. We shall name a
rectangle of this grid with the lower left coordinates (t;, D;)
as a s; box. We will now identify the time interval At as
t -t; if the box s;; covers the signal (as shown in FIG. 4), and
zero otherwise.

[0203] We can thus define the threshold density, modu-
lated (weighted) by the associated variable K, or simply
Modulated Threshold Density (MTD), as

Z AtK(5;) (36)
k(D 1) = lim L7

AD50 AD Y AK (1)
i

[0204] Utilizing Eq. (27), we can rewrite Eq. (36) as

! TdK (D 6D
Tfo KOXD =305y,

(K)r

ex(D, D) = :
7 INEE )

[0205] For example, K(t)=|%(t)| leads to the previously
described result, that is, to the counting density. For K=con-
stant, Eq. (37) reduces to the amplitude density (Nikitin,
1998), namely

b(D, 1) = r dsh(t - $)5[D — X(5)] = (6D — x)) . @8

[0206] Notice that the modulated threshold density also
formally reduces to the amplitude density whenever
{KOD-1))1=(K)(D(D-x) )1, (39

[0207] that is, when K(t) and the pulse train d[D-x(t)]=
[X(D)]™ =,3(t—t,) are uncorrelated.
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[0208] To further clarify the physical meaning of MTD, let
us first use Eq. (27) and rewrite the numerator of Eq. (37) as

(40)

K
ho_ o :
(KS(D—-x))7 = 2 0y [‘)—IX(I;)I’

[0209] which reveals that it is just a weighted sum of the
ratios K/|x(t,)|, evaluated at the intersections of x with the
threshold D. Noticing that the ratio dD/Ir(t)] is equal to the
time interval the variable x spends between D and D+dD at
the ith intersection, we shall realize that

Z K h(f— ;) 41)
[ (@)
h(t—1;)
X))

(KSD -V

M KYAD, 1) = =
{ (D, D -

[0210] is the time weighted mean of K with respect to x at
the threshold D, or simply Mean at Reference Threshold
(MRT). Using this designation (MRT) can further be justi-
fied by rewriting the middle term of Eq. (41) as

- g 42)
(KSD - x) <U dDgDxS(Dg — K)]é(D —x)>
- T _ —c0 T
(D -0V (8D - XD
o Ok ~ K)S(D — )
- [Lane =T

= f dDkDk f(Dx; D, 1),

o0

[0211] which demonstrates that MRT is indeed the first
moment of the density function f(Dy; D, t). Notice that here
the threshold coordinates D of the variable x are the spatial
coordinates of the density function f. Later in the disclosure,
we will generalize this result to include the multivariate
modulated threshold densities. Then, for example, if the
reference variable x(t) is the positions of the particles in an
ensemble, and K(t)=x(t)=v(t) is their velocities, then
{11£xK} Th(D, t) will be the average velocity of the particles
at the location D as a function of time t. Using Eq. (41), Eq.
(39) can be rewritten as

{M KD, n=(K)r" (43)
[0212] and understood as the equality, at any given thresh-
old, between the weighted mean of K with respect to x and
the simple time average of K. That is, if Eq. (43) holds for
any threshold, the weighted mean of K with respect to x is
a function of time only. Obviously, Eq. (43) always holds for
K=constant.

[0213] Tt is very important to notice that although the
modulated threshold density given by Eq. (37) implies that
K never changes the sign from “plus” to “minus” (or vice
versa), the weighted mean at threshold of a reference vari-
able defined by Eq. (41) is meaningful for an arbitrary K,
and thus the comparison of Eq. (43) can always be imple-
mented. For example, this comparison is implementable for
(K)h=0, when the modulated density does not exist.
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[0214] Eq. (43) signifies that a simple comparison of the
weighted mean at threshold {M_K}." with the simple time
average (K)Th, that is, comparison of a modulated density
with un-modulated (amplitude), will indicate the presence of
correlation between the reference and the associated vari-
ables as a function of threshold (and time) on a given time
scale. In other words, the equality of Eq. (43) holds when,
at a given threshold D, the values of the variable K are
uncorrelated with the time intervals the variable x spends
between D and D+dD. As a simplified example, consider
K(t) as a clipped x(t), that is, as

{Do for x(t) < Do )
K@) = .
x(r) for x(1) =Dy

[0215] In this case, Eq. (43) will hold for D=D,, and will
generally fail for D>D,,.

[0216] As another example, let the signal x(t) represent a
response of a detector system to a train of pulses with high
incoming rate, Poisson distributed in time. The high rate
might cause high order pileup effects in some low energy
channels of the detector. Then, as follows from (Nikitin,
1998), the amplitude and the threshold crossing densities for
such a signal, measured in these channels, will be identical.
Thus the channels afflicted by the pileup effects can be
identified by comparing the counting rate with the amplitude
distribution in different channels.

[0217] As an opposite extreme of Eq. (43), the mean at
reference threshold can be a function of threshold only, and
thus K would be completely determined by the reference
variable. As an illustration, consider a linear reference
variable x=at, a>0, and thus

1 /D
s0-n=2o2-4
[0218] which leads to the MRT as

1 e D 45)
. - I ) dsh(t—s)[((s)é(; - s) b

(Mo KD, ) = g > =K[=)

EIW dsh(t—s)é(z - s)

[0219] which depends only on the threshold. One skilled
in the art will now recognize that a simple reincarnation of
Eq. (45) in a physical device would be an ideal oscilloscope
(that is, a precise oscilloscope projecting an infinitesimally
small spot on the screen), where the reference variable x=at
is the voltage across the horizontal deflecting plates, and the
MRT is the vertical position of the luminescent spot on the
screen at x=D. Thus the measurement of the MRT is indeed
“measuring the input variable K in terms of the reference
variable x”. For an arbitrary reference variable, the MRT is
the average of these vertical positions weighted by the time
intervals the reference variable spends at the horizontal
position D. Since the afterglow of the luminophor coating of
the screen conveniently provides the (exponentially forget-
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ting) time averaging, the MRT can be measured as the
average vertical deflection, weighted by the brightness of the
vertical line at the horizontal deflection D. In the next three
subsections we will clarify how this idealized example
relates to the real measurements.

[0220] FIG. 5 provides another example of using modu-
lated densities for measuring the input variable K in terms of
the reference variable x. Notice that the amplitude densities
(center panels) of the fragments of the signals x,(t) and x,(t)
shown in the left-hand panels of the figure are identical.
Notice also that the modulating signals K,(t), K,(2), and
K;(1) are identical for the respective modulated densities of
the signals x,(t) and x,(t), while the modulated densities are
clearly different. Thus even though the amplitude densities
and the modulating signals are identical, different reference
signals still result in different modulated densities.

[0221] Although the first argument in the density function
cx(D, t) is always a threshold value, we will call the
modulated densities for K=constant, K=|%|, and K=|%|, for
brevity, the amplitude, counting (or threshold crossing), and
acceleration densities, respectively. We now proceed with
the general definitions of the multivariate modulated thresh-
old densities and the weighted means at thresholds.

9 Multivariate Threshold Densities Averaged With
Respect to Test Function

[0222] Time averaging with a time weighting function h(t)
signifies transition from microscopic (instantaneous) densi-
ties 8(D-x) to macroscopic (time scale T) densities (3(D-x)
yr- Carrying out the same transition from microscopic to
macroscopic threshold domain can be done by a means of
averaging with respect to a test function fi(x), a standard
approach in such fields as electrodynamics (Jackson, 1975,
Section 6.7, for example) or plasma physics (Nicholson,
1983, Chapter 3, for example). We thus can define a (mul-
tivariate) macroscopic threshold density as a threshold aver-
age on a scale R, namely as

w 46
6D rf = f & rfolc—POD 1) = oD~ x). (46)

[0223] where R is a characteristic volume element. We
will assume f(x) to be real, nonzero in some neighborhood
of x=0, and normalized to unity over all space. It is simplest,
though not necessary, to imagine f(x) to be nonnegative.
Such threshold averaging with respect to a test function
reflects finite amplitude resolution of data acquisition sys-
tems. For digitally recorded data, the lower limit for the
characteristic volume is the element of the threshold grid.
We will further use the shorthand notation

[t =04 “n

[0224] to denote the spatial averaging with the test func-
tion fr(X).

[0225] For hardware devices, the choice of fr(x) is dic-
tated by the threshold impulse response of the discriminators
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(probes) (Nikitin, 1998, Chapter 7, for example). In soft-
ware, this choice is guided by computational considerations.
For the purpose of this disclosure, it is convenient to assume
that the total threshold impulse response function is the
product of the component impulse responses, that is, it can
be written as

n “48)
fr®) = l_[ Op; Fap; (x1),

i=1

[0226] where capital pi denotes product, as capital sigma
indicates a sum, that is,

. 49
[ 1£=085 5
i=1

[0227] Unless otherwise noted, the subsequent computa-
tional examples employ Gaussian test function, namely

(50

n

> (%)2

i=1

_n
T2

frlx)= l_[ Op; Fap; (%) = exp
i [1AD;
i1

[0228] Notice that, for the Gaussian test function,

) . S~ 5D)
f d'rfr(r) = Fr(x) = l_[ Fap; (%) = 27"1_[ erfc(A—;‘_),
- =l i=1 i

[0229] where erfe(x) is the complementary error function
(Abramowitz and Stegun, 1964, for example). Fr(X) should
be interpreted as threshold step response.

[0230] FIG. 6 illustrates an optical threshold smoothing
filter (probe). This probe consists of a point light source S
and a thin lens with the focal length f. The lens is combined
with a gray optical filter with transparency described by f,f
(x). Both the lens and the filter are placed in a XOY plane
at a distance 2 f from the source S. The lens-filter combi-
nation can be moved in the XOY plane by the incoming
signal r so that the center of the combination is located at

2fr
4f -R

[0231] in this plane. Then the output of the filter is
proportional to the intensity of the light measured at the
location D=(D_, D,) in the D_-O-D,, plane parallel to the
XOY plane and located at the distance R from the image S'
of the source S (toward the source). That is, the output of this
filter can be described by fr(D-r).

[0232] When a test function is employed for threshold
averaging, Eq. (37) can be rewritten for the multivariate
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modulated threshold densities as Threshold-Time Averaged
Density, namely as

(KESRID — x5y _ (52

kDD = oy

<1<<s)ﬁ 0, Fap, (D = x5

i=1

(K(shr

[0233] As for a scalar variable, in this disclosure we shall
call the multivariate modulated threshold densities for
K=constant the amplitude densities, and the densities for

1
2
K=

i (i /AD)
i=1

[0234] the (multivariate) counting densities. The ampli-
tude density thus indicates for how long the signal occupies
an infinitesimal volume in the threshold space, and the
counting density indicates how often the signal visits this
volume. For example, the amplitude density will indicate the
number of cars at a certain intersection (that is, at the
intersection positioned at D) at a certain time, and the
counting density will describe the total traffic flow through
this intersection at a given time. Carrying out the threshold
averaging in Eq. (41), we can write the equation for the
mean at reference threshold as

(KORID =27 _ (53

K7D 1) = = s o,

<K<s>ﬁ 0, Faoy 1D; = x5}

i=1

<;lj Op; Fap;[Di - Xi(S)]>T

[0235] Notice that, unlike in the definition of the modu-
lated threshold density, the variable K no longer has to be a
scalar. In the traffic example above, it is obvious that the
same traffic flow (number of cars per second) can be
achieved either by low density high speed traffic, or by high
density low speed traffic. The ratio of the counting rates and
the amplitude density will thus give us the average speed at
the intersection. If the variable K is different from the
speed—for example, it is the rate of carbon monoxide
emission by a car—then the mean at reference threshold will
indicate this emission rate at location D, and it may (for
example, because of the terrain or speed limit) or may not
depend on the location. In this disclosure, we assume the
validity of Eq. (48), and thus the explicit expressions for the
amplitude density b(D, t) and the counting density (D, t) are
as follows:
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(64

T

b(D, 1) = <ﬁ dp; Fap;[D; —Xi(S)]>
i=1

[0236] for the amplitude density, and

T
=1 AD; i=1 AT T
I

i=1

D, 1) =

[0237] for the counting density. In Eq. (55), the numerator
in the right-hand side is proportional to the counting rate.
Explicitly, the expression for the counting rates reads as

n (56)
()12 T
RD, 1) =<JZ [%] BAD;BD‘. Fap,[D; —x;(s)]> )

=1 T

[0238] A type of problem addressed by Eq. (56) might be
as follows: How often does a flying object cross a radar
beam?

[0239] FIG. 7 shows a simplified diagram illustrating the
transformation of an input variable into a modulated thresh-
old density according to Eq. (52). The sensor (probe) of the
acquisition system has the input-output characteristic fy, of
a differential discriminator. The width of this characteristic
is determined (and may be controlled) by the width, or
resolution, parameter R,. The threshold parameter of the
probe D signifies another variable serving as the unit, or
datum. In FIG. 7, the input variable x,(t) is a scalar or
vector, or a component of an ensemble. For example, a
discrete surface (such as an image given by a matrix) can be
viewed as a discrete ensemble, being scalar for a mono-
chrome image, and a 3D-vector for a truecolor image. The
output of the probe then can be modulated by the variable
K (1), which can be of a different nature than the input
variable. For example, K, (t)=constant will lead to the MTD
as an amplitude density, and K, (=[x (t)] will lead to the
MTD as a counting density/rate. Both the modulating vari-
able K, and its product with the output of the probe K, fx,
can then be time-averaged by a convolution with the time
weighting function h(t; T), leading to the averages
(KMfRM(D—XIM))Th and (K,);". The result of a division of the
latter average by the former will be the modulated threshold
density CK#(D, t). Notice that all the steps of this transfor-
mation can be implemented by continuous action machines.

Jul. 28, 2005

10 Time Averaging of Multivariate Threshold
Densities by RC,, Impulse Response Functions

[0240] Let us consider a specific choice of a time weight-
ing function as follows:

&)

t
(D) = W[ e TO).

[0241] This is a response of a circuit consisting of one RC
differentiator and n RC integrators (all time constants
RC=T) to a unit step of voltage 6(t). Thus we shall call such
weighting function an RC,,, impulse response. FIG. 8
shows the RC,, time weighting functions for n=0 (exponen-
tial forgetting), n=1, and n=2.

[0242] Differentiation of h,(t) leads to

. 1 (58)
D) = 7 (-1 (0) = ha(D)]

[0243] for n=1, and

. 1 59
ho(t) = 7 [6() = ho(1)]

[0244] for n 0.

[0245] An exponential factor in time weighting functions
is ubiquitous in nature as well as in technical solutions. In
particular, RC,, impulse response time averaging functions
are quite common, and easily implementable in software as
well as in various devices. Although normally the time
weighting function does not need to be specified in detail, an
exponential factor in the time weighting function allows us
to utilize the fact that (¢¥)'=e™. In particular, the relations of
Egs. (58) and (59) allow us to simplify various practical
embodiments of AVATAR. This will become apparent from
further disclosure.

11 Shape Recognition and Time Evolution of
Densities Displaying Densities and Their Time
Evolution

[0246] As has been mentioned earlier in this disclosure,
the main purpose of the analysis of variables through their
continuous density and distribution functions is twofold: (1)
to facilitate the perception through geometric interpretation
of the results, and (2) to enable the analytical description by
differential methods. Let us first address the former part of
this goal, that is, the visual presentation of the densities and
the interpretation of the underlying qualities of the variable
based on these observations.

[0247] Let us first notice that the amplitude density at a
given threshold D is proportional to the time the variable
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spends around this threshold, and thus is proportional to the
average inverted (absolute) slope of the variable at this
threshold. One might say that the amplitude density is a
measure of “flatness” of the signal. For example, the ampli-
tude density generally increases with the increase in the
number of extrema at the threshold D. The counting density
is proportional to the number of crossings, or “visits”, of this
threshold by the variable, and the acceleration density is
generally proportional to the density of sharp turns (such as
extrema and inflection points) of the variable at this thresh-
old. Thus the acceleration (K=|&[), amplitude (K=1), and
counting (K=|X|) densities complement each other in a
manner necessary for selective shape recognition of a signal,
as illustrated in FIGS. 9a and 9b. The left columns of the
panels in these figures show the fragments of three different
signals in rectangular windows. The second columns of the
panels show the amplitude densities, the third columns show
the counting densities, and the right columns show the
acceleration densities for these fragments. These figures
illustrate that the acceleration and counting densities gener-
ally reveal different features of the signal than do the
amplitude densities. For the fragment x,(t) in FIG. 9a (the
upper row of the panels), |x(t)|=constant, and thus the
counting and the amplitude densities are identical. For the
fragment x,(t) in FIG. 9a (the middle row of the panels),
|x(t)|=constant, and thus the acceleration and the amplitude
densities are identical.

[0248] The example in FIG. 10 shows time dependent
acceleration densities, threshold crossing rates, and ampli-
tude densities computed in a 1-second rectangular moving
time window for two computer generated non-stationary
signals (Panels 1a and 1b). Panels 2a¢ and 2b show the
acceleration densities, Panels 3a and 3b show the threshold
crossing rates, and Panels 4a and 4b show the amplitude
densities. The signals represent sequences of (non-linearly)
interacting unipolar Poisson-distributed random pulses,
recorded by an acquisition system with an antialiasing
bandpass RC-filter with nominal passbands 0.5-70 Hz at -3
dB level. The sequences of the pulses before interaction are
identical in both examples, but the rules of the interaction of
the pulses are slightly different. These differences are
reflected in the shape of the resulting signals, which can in
turn be quantified through the displayed densities and the
rates.

[0249] As an example of the interpretation of the dis-
played densities, consider the stretch of the signals in the
interval 45 through 70 seconds. For both signals, the ampli-
tude density (Panels 4a and 4b) is highest at the lowest
amplitude, and is approximately uniform at other thresholds.
This is likely to indicate that the signals in this time interval
consist of relatively narrow tall pulses of comparable ampli-
tude, originating from a flat background. The approximate
uniformity of the counting rates (Panels 3@ and 3b) between
the lowest and the highest thresholds confirms the absence
of the “secondary” extrema, that is, these are single pulses.
The increased rates in the intervals 50 to 60 seconds and 65
to 70 seconds indicate that there are more pulses per unit
time in these intervals than in the intervals 45 to 50 and 60
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to 65 seconds. An approximate equality of the acceleration
densities (Panels 2a and 2b) at the highest and lowest
thresholds is likely to indicate that these pulses might have
sharp onsets and sharp “tails”, in order for the “sharpness”
of the peaks to be equal to the combined “sharpness” of the
onsets and the tails.

[0250] Earlier in this disclosure, we introduced a new type
of rank filtering, which is applicable to analysis of scalar as
well as multivariate densities. In Egs. (24) and (25), we
introduced the quantile density, domain, and volume. Let us
now illustrate how these quantities are applicable to the
analysis of scalar variables. Panel I of FIG. 11 shows the
fragment of the signal from Panel 1 of FIG. 10 in the time
interval between 7 and 29 seconds. The amplitude density of
this fragment is plotted in Panels II through IV. In these
panels, the quartile densities £, ,, (Panel I), £, , (Panel III),
and f;,, (Panel IV) are shown by the horizontal lines. These
lines intersect the density in such a way that the shaded areas
are equal to %, %, and %, respectively. Then the respective
quartile domains will be represented by the intervals on the
threshold axis confined between the left and the right edges
of these areas, and the respective quartile volumes will be
the sums of the lengths of these intervals.

[0251] In FIGS. 122 and 12b, the quantile densities,
volumes, and domains are displayed as time dependent
quantities computed in a 1-second rectangular sliding win-
dow. Panels 1a and 4a of FIG. 12a show the median
densities, computed for the amplitude and the counting
densities of the signal from Panel 1a of FIG. 10. Panels 1o
and 4b of FIG. 12b show the respective median densities for
the signal from Panel 15 of FIG. 10. Panels 24 and 5a of
FIG. 124, and Panels 2b and 5b of FIG. 12b, show the
median volumes of the amplitude and the counting densities
of the respective signals. As can be seen from these
examples, both quantile densities and quantile volumes
characterize the total width of the densities, that is, the total
size of high density regions in the threshold space. Panels 3a
and 6a of FIG. 124, and Panels 3b and 6b of FIG. 12b,
display the quartile domains, with the median domain
shaded by the gray color, the qg=% domain shaded by the
light gray, and the first quartile domain shaded black. These
examples illustrate how the quantile domain reveals the
location of the high density regions in the threshold space.

[0252] Earlier in this disclosure, we adopted the restricted
definition of a “phase space™ as the threshold space of the
values of the variable, complemented by the threshold space
of the first time derivative of this variable. Thus for a scalar
variable the modulated threshold densities in such phase
space are the two-variate densities. The introduction of the
phase space densities expands the applicability of the den-
sity analysis, and allows more detailed study of the changes
in the variables. For example, FIG. 13 provides an illustra-
tion of the sensitivity of the phase space threshold densities
to the signal’s shape. The first column of the panels in the
figure shows the fragments of three different signals in
rectangular windows. The second column of the panels
shows the phase space amplitude densities

b(Dy, Dy t)=(3DZFADz[Dx_x(S)][Dx_x(s)])Ta (60)
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[0253] and the third column displays the phase space
counting densities

2 2
(3] (5] 2. P 10: =x510m, Fan, 1D, - 60
F(Dx, Dy, 1) = T

Wz (T,

[0254] This figure also illustrates that while the amplitude
density is indicative of the “occupancy” (that is, the time the
variable occupies the infinitesimal volume in the phase
space), the counting density reveals the “traffic” in the phase
space, that is, it is indicative of the rates of visiting a small
volume in the phase space.

[0255] The example in FIG. 14 shows time dependent
phase space amplitude densities computed according to Eq.
(60) in a 1-second rectangular moving time window for two
computer generated non-stationary signals shown in Panels
1a and 1b of FIG. 10. The figure plots the level lines of the
phase space amplitude densities (Panels 1@ and 2a), at times
indicated by the time ticks. Panels 15 and 2b show the time
slices of these densities at time t=t,,

[0256] FIG. 15 shows time dependent phase space count-
ing rates
R(Dy, Dy, 1) = (62)

(V (D02 + (&D.)? 8p, Fap, [D. = x(5))p, Fap, [Ds ~#(s)]) .

[0257] computed in a 1-second rectangular moving win-
dow for the two signals shown in Panels 1a and 15 of FIG.
10. The figure plots the level lines of the phase space
counting rates (Panels 1a and 2a) at times indicated by the
time ticks. Panels 15 and 2b show the time slices of these
rates at time t=t,. As was discussed in the explanation of
FIG. 10, the general shape of the pulses around this time for
both signals is similar. Thus the difference in the phase space
crossing rates apparent from these time slices results mostly
from the small differences in the shape of the “tops™ of these
pulses.

[0258] FIGS. 16 and 17 display the boundaries of the
median domains for the phase space amplitude and counting
densities, respectively. The upper panels of these figures
show the respective boundaries for the signal of Panel 1a of

FIG. 10, and the lower panels show the median domain
boundaries for the signal of Panel 15 of FIG. 10.

[0259] The examples in FIGS. 9 through 17 illustrate the
usefulness of AVATAR for visual assessment of various
features of a signal, and of the evolution of these features in
time. Although FIGS. 13 through 17 deal with the phase
space densities of a scalar variable, it should be obvious that
densities of any two-dimensional variable can be treated in
the same way. For instance, the same technique will apply
for describing the time evolution of the population in a
geographic region (amplitude density) and for mapping out
the routes of migration of this population (counting density).
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FIG. 16, for example, can represent the time evolution of a
quantile domain of the population of a biologic species, that
is, the locations of the largest number of specimens per unit
area in a region. Then FIG. 17 will represent the time
evolution of the respective quantile domain of the traffic of
the species, that is, the regions of the most active movement
of the species.

11.1 Eliminating the Digitization-Computation

Steps in Displaying Densities and Their Time

Evolution: Direct Measurement by Continuous
Action Machines

[0260] Since many physical sensors have input-output
characteristics equivalent to those of the probes in this
disclosure, there is a large number of feasible physical
embodiments of AVATAR for displaying the modulated
threshold densities and their time evolution by continuous
action machines. In this subsection, we provide several
illustrative examples of such embodiments. The underlying
motivation behind constructing an analog machine directly
displaying the densities is schematically stated in FIG. 18.

[0261] As the first example, FIG. 19 outlines a conceptual
schematic of a simple device for displaying time dependent
amplitude densities of a single scalar signal. An electron gun
in a cathode-ray tube produces a beam of fast electrons. The
tube contains a pair of vertical deflecting plates. By feeding
a voltage to this pair of plates, we can produce a proportional
displacement of the electron beam in the vertical direction.
The screen of the tube is coated with luminophor with the
afterglow half-time T, =T In2. We assume that the bright-
ness of the luminescent spot on the screen is proportional to
the intensity of the electron beam, and is described by
dvFA+(Y) when the voltage across the deflecting plates is
zero. Then the brightness of the displayed band on the
screen, at any given time, will correspond to the amplitude
density of the input signal x(t), computed in the exponential
moving window of time (RC,,) with the time constant T.
This band can then be projected on a screen by, for example,
a (concave) mirror M. By rotating this mirror, we can display
the time evolution of the amplitude density of x(t). If we now
modulate the intensity of the electron beam by the signal
K(t), then the brightness of the displayed picture will be
proportional to (KdyF,y(Y-x) ). For example, when K(t)=
[x(t)|, the screen will display the threshold crossing rates. A
simple conceptual schematic of such a device for displaying
time dependent threshold crossing rates of a signal is illus-
trated in FIG. 20. Note that by displaying only the lines of
equal intensity, or by thresholding the intensity, we will
reveal the boundaries of the respective quantile domains.

[0262] FIG. 21 provides an illustration for possible hard-
ware implementation of a device for displaying time slices



US 2005/0165879 Al

of the phase space amplitude densities. An electron gun in a
cathode-ray tube of an oscilloscope produces a beam of fast
electrons. The tube contains two pairs of mutually perpen-
dicular deflecting plates. By feeding a voltage to any pair of
plates, we can produce a proportional displacement of the
electron beam in a direction normal to the given plates. The
screen of the tube is coated with luminophor with the
afterglow half-time T,,=T In 2. We assume that the bright-
ness of the luminescent spot on the screen is proportional to
the intensity of the electron beam, and is described by
93 F ox(X)9+F o+ (Y) when the voltage across the deflecting
plates is zero. If the input signals are x(t) and x(t), respec-
tively, then the displayed picture on the screen, at any given
time, will correspond to the phase space amplitude density
of the input signal x(t), computed in the exponential moving
window of time (RC,,) with the time constant T. Thus, the
screen will display figures similar to those shown in the
second column of the panels in FIG. 13, and in Panels 15
and 2b of FIG. 14. If we now modulate the intensity of the
electron beam by the signal K(t), then the brightness of the
displayed picture will be proportional to (KdiF,x(X-
X)3yFay(Y=%) )r. For example, when

K(D) = v (RAY)? + (3AX)?

[0263] the screen will display the time slices of the phase
space threshold crossing rates of the input signal x(t),
computed in the exponential moving window of time (RC, )
with the time constant T. Thus, the screen will display
figures similar to those shown in the third column of the
panels in FIG. 13 and in Panels 15 and 2b of FIG. 15. A
simple conceptual schematic of such a device for displaying
time slices of the phase space threshold crossing rates is
illustrated in FIG. 22.

[0264] One skilled in the art will now recognize that the
task of displaying the densities can also be achieved by a
variety of other physical devices. In addition to displaying
the modulated densities and their time evolution, these
devices can also be modified to display the quantile domain,
density, and volume, the means at reference thresholds,
various other quantities of the MTDs such as their level
lines, and to accomplish other tasks of AVATAR. Some of
the additional embodiments of such devices will be
described later in this disclosure.

12 Using Means at Reference Thresholds for
Detection and Quantification of Changes in
Variables

[0265] As has been indicated earlier in this disclosure, a
comparison of the mean at reference threshold with the
simple time average will indicate the interdependence of the
input and the reference variables. For the purpose of this
disclosure, we will adopt one of many possible ways to
measure such dependence within the quantile domain as
follows:

MM KD D= (Khrl gy e ey 6

]
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[0266] where f (1) is the quantile density defined by Eq.
(24), and we will assume that the norm is computed simply
as the distance in the Euclidean space. Eq. (63) represents an
estimator of differences in the quantile domain between the
mean at reference threshold and the time average.

[0267] FIG. 23 displays the values of the estimator Z(D,t)
of Eq. (63) in q=%0 quantile domain, computed for the two
computer generated nonstationary scalar signals (Panels 1a
and 1b), used in a number of our previous examples. Panels
2a and 2b display the values of the estimator for K=|%|, and
Panels 3a and 3b display these values for K=[%].

13 Modulated Cumulative Distributions

[0268] As follows from Eq. (9), the time dependent Modu-
lated Cumulative Threshold Distribution (MCTD) C(D, 1),
or Threshold—Time Averaged Cumulative Distribution, is
defined as

[, _{KSTRID -y (64)
Cx(D, 1) = Imd reg(r, ) = 7([((5»7_ =

<K<s>ﬁ Tao, 1D; = x5}
i=1 T

(K(shr

[0269] where ci(D, t) is the modulated threshold density
given by Eq. (52). It is easy to see from Eq. (64) and from
the definition of the Heaviside unit step function, Eq. (4),
that all equations for the counting, amplitude, and accelera-
tion densities (for example, Egs. (54), (55), (60), and (61))
are valid for the cumulative distributions as well, provided
that the symbols ‘b’, ‘r’, ‘c’, ‘0°, and ‘dpF° in those
equations are replaced by ‘B’, ‘R’, ‘C’, ‘6°, and ‘F’, respec-
tively.

[0270] Note that the transition from the densities to the
cumulative distribution functions is equivalent to the thresh-
old integration of the former, and thus the principal
examples of the embodiments for the densities can be easily
modified for handling the respective cumulative distribu-
tions. For instance, the embodiments of FIGS. 19 and 20
can be easily converted to display the cumulative distribu-
tions instead of the densities. Then, for example, the lines of
equal intensity on the screen will correspond to the level
lines of these cumulative distributions, and thus will be
equivalent to the outputs of the respective rank filters.

[0271] Note also that the ability to compute or measure the
time dependent threshold densities and cumulative distribu-
tions for a signal gives access to a full range of time
dependent statistical measures and estimates, such as dif-
ferent threshold moments (e.g., mean and median, skew,
kurtosis, and so on) with respect to these distributions.
Although the defining equations for the threshold densities
and cumulative distributions are given for a continuous
variable or signal, in numerical computations these quanti-
ties can be calculated in finite differences. Clearly, the
introduction of threshold averaging alleviates the computa-
tional problems caused by the singularity of the delta
function.



US 2005/0165879 Al

14 Unimodal Approximations for Ideal Modulated
Densities and Cumulative Distributions

[0272] For time independent thresholds, numerical (or
hardware) computation of densities and cumulative distri-
butions according to Eqgs. (52) and (64) should not cause any
difficulties. However, in the equations for rank normaliza-
tion, Egs. (12) and (13), and for filtering, Egs. (17) and (18),
densities and cumulative distributions appear with thresh-
olds dependent on time, and their evaluation may present a
significant computational challenge. This challenge is
greatly reduced when the thresholds vary slowly, which is
usually the case in rank filtering. In such cases, it might be
sufficient to approximate (replace) (fx[D(t)-x(s)]yr by the
first term in its Taylor expansion, namely by (fz[D(s)-x(s)
yr» and higher order terms can be retained when necessary.
This approximation will be our prime choice in most
embodiments of AVATAR discussed further in this disclo-
sure. For rank normalization, however, this approach is only
adequate when certain relations between the input and
reference signals are held, and thus different approximations
should be developed.

[0273] Let us first develop a unlimodal approximation for
the ideal modulated density function ((Kyp)™ (K8(D-2) yr,
that is, the density function resulting from the measurements
by an ideal probe. Although we will later present more
accurate approximations for rank normalization, the unimo-
dal approximation has certain merits of its own, e.g., sim-
plicity of implementation and analytical treatment of the
results. To develop such unimodal approximation, we can
use, for example, the integral representation of the delta
function as (Arfken, 1985, p.799, for example)

1 . 65
dD-x)= ﬂrd ue™ P9, ©3)

[0274] The expression for the density can thus be rewritten

as

1 L (Ke )y (66)
m(K&(D—X))T = ﬂimd ue o

[0275] and the time averages in the right-hand side of Eq.

(66) can be expressed as

<l<e*"")‘>l 67)

[0276] 1t is worth mentioning that the cumulant function

Aw) =In(K)7 (Ke ™))

[0277] corresponds to the thermodynamic characteristic
function (free energy divided by kT) in statistical mechanics
(Kubo et al., 1995, for example). We now notice that the real

Jul. 28, 2005

part of A(u) has a global maximum at u=0. Therefore, the
main contribution of the integrand to the integral in Eq. (66)
may come from the region around u O (see, for example,
Erdelyi, 1956, Copson, 1967, or Arfken, 1985). Thus we can
expand A(u) in Taylor series around u=0 as

o

25

n=1

z (68)

1 S (—iw)® 1
Alw) = — K, -
@ KOHZ:; nt " 2KZ

[0278] where
K =(Kx").. (69)

[0279] Truncating this expansion after the quadratic term,
we substitute the result in Eq. (66) and easily arrive at the
following expression:

[ 1(D- Klo)z} (70)
expl— =
1

ol
2 _ K2
——(K&(D - )y ~ Ko ~ Kio

r N 27K — Ky) ’
[0280] where
Ko = K, Kj'.

[0281] Unimodal approximations for higher-dimensional
densities can be developed in a similar manner. For example,

1 b . . 71
(6(Dy = x)8(Dy =y 7 = mf d ue'"Dxrd ve'Py V)| b

[0282] where

A, v) = Ine ™20~ —i[u(x) + v(x)] — (72)

1
- z{uz [0 = 0071 + 2ul(xy) = O] + P 1) = )T

[0283] This results in

6Dy = X)8(Dy = y))y ~ (73)
1 N { 1 [(DX - ))*
€X] - -
NI L A=) o
2D =)Dy =) | Dy = ()
TR0y, o2 ’
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[0284] where 0, =(x*)-(x)?, 0y=(y2)—(y)2, and r

= () - @O/ o0y -

[0285] The approximations of Egs. (70) and (73) are
somewhat accurate, for example, on a large time scale, when
the signals x(t) and y(t) represent responses of (linear)
detector systems to trains of pulses with high incoming rates
(Nikitin et al., 1998; Nikitin, 1998, for example), Poisson
distributed in time. FIG. 24 illustrates the adequacy of the
approximation of Eq. (73) for two-dimensional amplitude
densities of such signals. The top panel of this figure shows
the signals x(t) and y(t) x(t) in a rectangular window of
duration T, where x(t) is the response of an RC,, filter to a
pulse train with an energy spectrum consisting of two lines
of equal intensity with one having twice the energy of the
other. The lower left panel shows the measured density
(OpF ADZ(DX—X)GDyF ADy(Dy—y))T (with small AD_ and AD,),
and the lower right panel shows the density computed
through Eq. (73).

[0286] More generally, Egs. (70) and (73) are accurate
when x(t) and y(t) (on a time scale T) are sums of a large
number of mutually uncorrelated signals. Obviously, when
x(t) and y(t) are (nonlinear) functions of such sums, simple
transformations of variables can be applied to modity Egs.
(70) and (73). For example, if Eq. (70) is adequate for the
signal x(t) and, in addition,

Kfo<<Ka,
[0287] then the following approximations are also
adequate:
1 8(D) (74)
—— (K6 (D - = -
w0, Ko WP =2 VT o ( ZKIO)
[0288] for the signal z(t)=x*(t), and
1 oDIV2 D? as)
—— (K6 (D - = -——
7 K0 D=2y ~ o] -

[0289] for z(t)=[x(1)|-

[0290] When the signal x(t) is a sum of two uncorrelated
signals x,(t) and x,(t),

ad 76
GD— )y = f de(d(e— 0 (5D — €~ x2)y = e

o0

=f ded(e = x1)r(0(D — €= X2))7.

o0

[0291] and thus the resulting density is just the convolu-
tion of the densities of the components x,(t) and x,(t). This
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approach can be used, for example, when the signal is a sum
of a random noise component and a deterministic compo-
nent with known density functions. FIG. 25 illustrates this
for the noisy signal x,=sin(t). The signals x,(t), X,(t), and
X,(D)+x,(t) are shown in the left column of the panels, and
the respective panels in the right column show the amplitude
densities. The signal x,(t) is random (non-Gaussian) noise.
The amplitude density of the sinusoid x,(t) in a square
window of length T=2mn is computed as

L )
D=5 6y = 5— f 415 [D - cos(n)] =

71 Jo

2l oy _ e
sz dlé(f W) _ ‘0(1 D?) ’
2mn 4 Jo ['sin(z)| ~ asin[arccos(D)]

[0292] where
(78)

1 = (=1 arccos(D) + g[Zk 1= (=D

[0293] In the lower right panel, the measured density of
the combined signal is shown by the solid line, and the
density computed as the convolution of the densities b,(D)
and b,(D) is shown by the dashed line.

[0294] Substitution of Eq. (70) into Eq. (64) leads to the
approximation for the time dependent cumulative distribu-
tion as follows:

. )

1 Kio—-D
—— (KO (D -x)p ~ zerfc

Kr v 2(K20 = KTo) ’
[0295] where erfe(x) is the complementary error function

(Abramowitz and Stegun, 1964, for example).

[0296] The unimodal approximations of this section are of
limited usage by themselves, since they are adequate only
for special types of a signal on a relatively large time scale.
For example, the approximation of Eq. (70) is generally a
poor approximation, since every extremum of the signal x(t)
inside of the moving window may produce a singularity in
the density function ((Ky;)™" (K&8D-x) y;. This can be
clearly seen from Eq. (40), which shows that a modulated
density might be singular whenever Ix(ti)l=0, with the
exception of the counting density. For the latter, the approxi-
mation of Eq. (70) might be an adequate choice for some
usages. This is illustrated by FIG. 26, which shows the
amplitude (8(D—x) ) and the counting ((x|y) ([X|8(D-X) y
densities of the fragment of the signal displayed in the upper
panel. One can see that the Gaussian unimodal approxima-
tion (dashed lines) is more suitable for the counting density
than for the amplitude density. The latter is singular at every
threshold passing through an extremum of x(t).

[0297] However, the unimodal approximations of this
section might be a good practical choice of approximations
for rank normalization, since the main purpose of the latter
is just providing a “container” in the threshold space, where
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the reference variable is likely to be found. This will be
discussed in more detail further in the disclosure.

15 Rank Normalization

[0298] Although Egs. (12) and (13) introduce rank nor-
malization for vector fields, in various practical problems
this normalization may be more meaningfully applied to
scalar variables and fields, e.g., to the selected components
of vector variables. For the time being, we will also consider
only single scalar or vector variables rather than the fields.
As will be illustrated further in the disclosure, the transition
to the fields can always be accomplished by spatial averag-
ing.

[0299] TLet us write a reference threshold distribution,
modulated by some associated signal K, as

Ck, (D, 1) = ! K(s)Fr[D ®0)
K ( af)—m( ()FR[D = r(s)Dr,

[0300] where r(t) is the reference signal, i.e., the signal for
which the distribution is computed. Then

D) = Cx [x(@), 1] = ! (K(s)Frlx(t 1) e
¥(@ = Ck [x(2), = &Kooy (S)FR[X(@) = r(s)Dr

[0301] is a signal, rank normalized with respect to the
reference distribution Cg (D, t). Eq. (81) is thus a defining
equation for an Analog Rank Normalizer (ARN). In other
words, an ARN outputs the rank of the value of x(t) with
respect to the sample of the values of the reference variable
r(t). For example, if the reference distribution for normal-
ization of a scalar variable x(t) is provided by a Gaussian
process with the mean x and the variance

[0302] o, then

- x(t)} (82)
V2o ’

y(o) = %erfc[

[0303] where we have neglected the threshold averaging,
that is, we assumed that F,(x)=0(x). Using Gaussian
approximation for modulated threshold densities of a scalar
reference r(t), Eq. (70), we can write the following expres-
sion for the Gaussian normalization:

1
y(o) = 3 erfc

Kyo(0) = x(0 } ®3)
V2K - Ko@)
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[0304] where
_ &)y (84)
T Ky
[0305] Let us now observe that
o) = (85)

f & DOID — x(OICx /D 1) ~ f & DfalD ~ xO1Cx AD, 1.

[0306] where we replaced the Dirac d-function 3(x) by the
response of a probe fi(x) with a small width parameter R.
Thus, for a small width parameter R, the practical embodi-
ment of ARN reads as follows:

YO D~x(D)Cx (D, ) ", (86)
[0307] where we used the shorthand notation for the
threshold integral as

(...)fo:rdn[)..._ 87

[0308] FIG. 30 shows a simplified flowchart of an analog
rank normalizer according to Eq. (86). For the purpose of
“confinement” of the variable in the threshold space of the
reference variable, rank normalization can be defined by
means of a discriminator with arbitrary input-output
response, namely by

n (83)
YO = Fpyg[Dy 0 - x(0)] = l_[ Fap,;0[Dri0) = %)),
il

[0309] where Dr(t) is indicative of the central tendency
(such as mean or median) of the reference density cy (D, t),
and R(t) is indicative of the width (such as standard or
absolute deviation, or such as FWHM) of the reference
density Cg (D, t). For instance, using the mean and standard
deviation of the reference distribution as the displacement
and width parameters, respectively, for a scalar variable we
have

Y@ = F\/m[lﬁo(ﬁ = ()] (89)

[0310] Eq. (89) thus performs rank normalization as trans-
formation of the input signal by a discriminator with the
width parameter

v 2[K20(0) - KFo(0)]
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[0311] and the displacement parameter K;(t).

[0312] Rank normalization can also be accomplished
through evaluating the integral of Eq. (81) by straightfor-
ward means. For instance, for a causal time weighting
function,

90)
(Frlx(@) = r(s)r = f dsh(t = )Fr[x(2) = r(s)] =

—ca

= rdsh(s)FR [x(2) — r(z —5)],
0

[0313] which for a rectangular time function of duration T
leads to

17 o1
(Falstt =y = 1 [ dsFielstt - e -5
0

N

1
~ ﬁZ Frlx(®) = r(t —nAD)],

n=0

[0314] where At=T/N.

[0315] One of the main usages of the rank normalization
is as part of preprocessing of the input variable, where under
preprocessing we understand a series of steps (e.g., smooth-
ing) in the analysis prior to applying other transformations
such as MTD. Since in AVATAR the extent of the threshold
space is determined by the reference variable, the rank
normalization allows us to adjust the resolution of the
acquisition system according to the changes in the threshold
space, as the reference variable changes in time. Such
adjustment of the resolution is the key to a high precision of
analog processing. In the next section, we provide several
examples of the usage of rank normalization.

16 Using Rank Normalization for Comparison of
Variables and for Detection and Quantification of
Changes in Variables

[0316] The output of a rank normalizer represents the rank
of the test signal with respect to the reference distribution.
Thus comparison of the outputs of differently normalized
test signals constitutes comparison of the reference distri-
butions. Various practical tasks will dictate different imple-
mentations of such comparison. Let us consider several
simple examples of using rank normalization for comparison
of reference distributions.

[0317] First, let us define a simple estimator Q. (t; q) of
differences between the distributions C,(D, t) and Cy(D, t) as
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Qap(1; @) = Cply4(0), 1] } 92)
Calyg. 11=¢q '

[0318] In Eq. (92), y (1) is the level line (q th quantile) of
the distribution C(D, t). Clearly, when C,(D, t) and C(D,
t) are identical, the value of Q,.(t; q) equals the quantile
value q. FIG. 27 provides an example of the usage of the
estimator given by Eq. (92) for quantification of changes in
a signal. In this example, the signals are shown in Panels 1a
and 1b. The distributions C (D, t) are computed in a 1-sec-
ond rectangular moving window as the amplitude (for
Panels 2a and 2b) and counting (for Panels 3a and 3b)
cumulative distributions. Thus Y (t) are the outputs of the
respective rank filters for these distributions. The estimators
Q.u(t; q) are computed as the outputs of the Gaussian
normalizer of Eq. (83). The values of these outputs for
different quartile values are plotted by the gray (for q=%),
black (for q=%b), and light gray (for q=3%4). In this example,
the estimator Q_,(t; q) quantifies the deviations of C,(D, t)
from the respective normal distributions.

[0319] Since the shape of the signal has different effects on
the amplitude, counting, and acceleration distributions, com-
parison of the signal normalized with respect to these
distributions can allow us to distinguish between different
pulse shapes. FIG. 28 provides a simplified example of the
usage of rank normalization for such discrimination between
different pulse shapes of a variable. Panel I shows the input
signal consisting of three different stretches, 1 through 3,
corresponding to the variables shown in FIG. 9. Panel I
displays the difference between

o

xl.r

(x, 0) and C{%(x, 1),

[0320] where the superscripts h, denote the particular
choice of the time weighting function as an RC,, filter, and
the reference signal r is a Gaussian process with the mean
K and the variance

2
KZO - KlOa

[0321] where K, are computed for the input signal x(t).
This difference is zero for the first stretch of the input signal,
since for this stretch the amplitude and the counting densi-
ties are identical (see FIG. 9). Panel III displays the differ-
ence between

9 (e, 1) and Cx, 1.

[0322] This difference is zero for the second stretch of the
input signal, since for this stretch the amplitude and the
acceleration densities are identical (see FIG. 9). The dis-
tance between the time ticks is equal to the constant T of the
time filter. FIG. 31 shows a simplified flowchart of a device
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for comparison of two signals. In order to reproduce the
results shown in FIG. 28, Panels II and III, the specifications
of the device are as follows:

x1(D) =% =r1(0) = R0 =x0); 93)

K, (1) = constant;

K, (1) = |x(1)| for Panel II, K,(z) = |%(r)| for Panel III;

Fap(x) = lerf&:(—i);
2 AD

() = ho(t) (RCy filten).

[0323] FIG. 29 provides an additional example of sensi-
tivity of the difference between two rank normalized signals
to the nature of the reference distributions. Panel I shows the
input signal, and Panel II displays the amplitude density
computed in an RC, , window with the time constant T, equal
to the distance between the time ticks. Panel III plots the
difference between

o

xl.r

(1) and C{%(x, 1),

[0324] where the reference signal r is a Gaussian process
with the mean K, and the variance

2
K20 — Kio-

[0325] computed for the input signal x(t). The magnitude
of this difference increases due to broadening of the ampli-
tude density while the counting density remains unchanged.

[0326] Even though various practical tasks will dictate
different implementations of comparison of variables
through rank normalization, the simple examples provided
above illustrate that sensitivity of the difference between two
rank normalized signals to the nature of the reference
distributions provides a useful tool for development of such
implementations.

Aap(D) =fmdca(x, Dw[Colx, DIW[Ca(x, 1) = Cplx, 1)] =
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statistical analysis of data and for comparison of distribu-
tions/densities can also be applied to time dependent quan-
tification of the signal and its changes. For example, one can
use an estimator of the differences between the two distri-
butions C, and C, as

D(O)=P[AOFP[Aun(D]; o4

[0329] where ® is some function, and A,,, is the statistic of
a type

Aup(®) = f & HDHIC,(x, 1), Colx, 1 e, D,y 0], )

[0330] where h is a truncation function, and H is some
score function. For convenience, we shall call C, the test
distribution, and C,, the reference distribution. The statistics
of Eq. (95) thus quantify the differences and changes in the
input signal with respect to the reference signal. One can
think of any number of statistics to measure the overall
difference between two cumulative distribution functions
(Press et al., 1992, for example). For instance, one would be
the absolute value of the volume between them. Another
could be their integrated mean square difference. There are
many standard measures of such difference, e.g., Kolmog-
orov-Smirnov (Kac et al., 1955), Cramér-von Mises (Dar-
ling, 1957), Anderson-Darling, or Kuiper’s statistics, to
name just a few (Press et al, 1992, for example). For
example, one can use the statistics of a Cramer-von Mises
type (Darling, 1957, for example)

6
Aap = rdca(X)W[Ca(X)]W[Ca(X)—Cb(X)], oo

[0331] where w is a truncating function, and W is some
score function. Generalization of Eq. (96) to many dimen-
sions is straightforward as

©n

X1 ...0x,

d d 8" Cy(x, 1)
= f dxy ... f dx, w[Cyl(x, DIW[C,(x, 1) = Cp(x, )] =

- f " i ey (e, OWICatx, DIWICa(x, D - Gyl D),

—ca

[0327] 16.1 Estimators of Differences Between Two
Cumulative Distributions

[0328] Since AVATAR transforms a variable into density
and cumulative distribution functions, an expert in the art
would recognize that any of the standard techniques for

[0332] where c, (X, t) is the density function.

[0333] If C, is computed for the same signal as C,, then
the difference between C, and C,, is due to either the different
nature of C, and C,, (e.g., one is the amplitude, and the other
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is counting distribution), or to the difference in the discrimi-
nators and time windows used for computing C, and C,.

[0334] Notice that rank normalization is just a particular
special case of the estimator of Eq. (97), when w(x) 1,
W(x)='5—x, and the test density is the instantaneous density,
¢, (D, )=0[D-x(1)], and thus

1 98
Aw() = r & DS[D - x(z)]{5 +Cy(D, 1) —0[D - x(t)]} ©8)

= Cp[x(2), 1].

[0335] One should also notice that an estimator of differ-
ences between two distributions of the type of Eq. (94) can
be computed as a time average when the distribution func-
tions are replaced by the respective rank normalized signals.
A simplified example of such an estimator is shown in FIG.
32. This figure plots the time averages of the absolute values
of the differences,

(|CR . 1~ 0, 1))

[0336] for K=|x| and K=| ¥, for the signal shown above the
panel of the figure. The distance between the time ticks is
equal to the time constants T of the time filtering windows.

16.2 Speech Recognition

[0337] Selectivity of comparison of the amplitude and
counting densities of a scalar variable can be greatly
increased by comparing these densities in the phase space of
this variable. Here under phase space we understand simply
the two-dimensional threshold space for the values of the
variable as well as the values of its first time derivative. FIG.
33 illustrates sensitivity of the amplitude and counting phase
space densities to differences in the signal’s wave form. The
panels in the left column show the sound signals for several
letters of the alphabet. The top signals in the individual
panels are the original input signals. The normalized input
signals and their normalized first derivatives, respectively,
are plotted below the original input signals. The middle
column of the panels shows the amplitude, and the right
column the counting densities of these pairs of normalized
signals. Notice that rank normalization of the components of
the signal allows us to more efficiently utilize the threshold
space, and thus to increase precision of analog processing.
Rank normalization also alleviates the dependence of the
phase space densities on the magnitude of these compo-
nents.

[0338] FIG. 34 illustrates how statistics of Eq. (97) can be
used in combination with rank normalization to address the
speech recognition problem. Panel I: The original speech
signal “Phase Space” is shown in the top of the panel. This
signal is normalized with respect to a Gaussian process with
the mean and variance of the original signal in a moving
rectangular window of 45 ms, and the result is plotted just
below the original signal. The bottom of the panel shows the
time derivative of the speech signal, normalized the same
way. Panel If: Time slices of the threshold density o(D,, D,,
t), where x and y are the normalized original signal and its
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normalized derivative, respectively, and ¢(D,, D, t) is their
amplitude density in the time window 45 ms. The slices are
taken approximately through the middles of the phonemes.
Panel III: Time slices of the cumulative distribution C(D,,
D, t), where x and y are the normalized original signal and
its normalized derivative, respectively, and C(D,, D, t) is
their distribution in the time window 45 ms. The slices are
taken approximately through the middles of the phonemes.
Panel I'V: The value of the estimator of a type of Eq. (94),
where the reference distribution is taken as the average
distribution computed in the neighborhood of the phonemes
“a”. The larger values of the estimator indicate a greater
similarity between the signals. Employing different vari-
ables for analysis, different time weighting windows (i.e., of
different shape and duration), different types of reference
distributions for normalization (i.e., Gaussian or of different
random or deterministic signal), different functions for spa-
tial averaging, different type estimators of the differences
between the two distributions (i.e., different truncating func-
tions h(x), and different functions H(x) in Eq. (95)), and so
on, one can reach any desired compromise between robust-
ness and selectivity in identifying various elements (e.g.,
phonemes or syllables) in a speech signal. As has been
discussed previously, the embodiments of AVATAR allow
their implementation by continuous action machines. For
example, FIG. 35 outlines an approach one may take for
eliminating the digitization-computation steps in the analy-
sis and for direct implementation of speech recognition in an
optical device. Imagine that we can modulate the intensity of
a beam of light in its cross section by F,(X-x)F,(Y-y),
where x(t) and y(t) are proportional to the components of the
input signal. This can be done, for example, by moving an
optical filter with the absorption characteristic
Fox(X)F,+(Y) in the plane perpendicular to the beam, as
illustrated in Panel I of FIG. 35. In the example of FIG. 35,
the two components of the input signal are taken as squared
rank normalized original speech signal, and its squared rank
normalized first time derivative. A second beam of light,
identical to the first one, is modulated by F, (X-x)F (Y-
q) (Panel II), where r(t) and q(t) are proportional to the
components of the reference signal. In the example of FIG.
35, the reference signal is taken as the input signal in the
neighborhood of the phonemes “a”. These two light beams
are projected through an (optional) optical filter with the
absorption characteristic h(X, Y) (Panel III) onto the win-
dow of a photo-multiplier, coated with luminophor with the
afterglow time T (Panel I'V). We assume that the photomul-
tiplier is sensitive only to the light emitted by the lumino-
phor. Therefore, the anode current of the photomultiplier
will be proportional to

AQ)=[[dXdYh(X, Y)(1-F xx(X-1F sy (Y=-g)+F x(X-

DF xv(A-1) )1 99)
[0339] and the variance of the anode current on a time
scale T will be proportional to ((A-1)*);. Thus any mea-
surement of the variance of the anode current will be
equivalent to computation of the estimator of Eq. (94), as
illustrated in Panel V of FIG. 35. In this example, the larger
variance corresponds to a greater similarity between the test
and the reference signals.

16.3 Probabilistic Comparison of Amplitudes

[0340] As an additional example of usefulness of the rank
normalization for comparison of signals, consider the fol-
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lowing probabilistic interpretation of such comparison. For
a nonnegative time weighting function

h(D), fmdth(t) =1,

[0341] we define x(s) to be a value drawn from a sequence
x(t), provided that s is a random variable with the density
function h(t-s). When h(t-s) g(t-s), then x(s) is a value
drawn from the first sequence, and when h(t-s)=g,(t-s), x(s)
is a value drawn from the second sequence. Now consider
the following problem: What is the (time dependent) prob-
ability that a value drawn from the first sequence is q times
larger than the one drawn from the second sequence?
Clearly, this probability can be written as

P, =foodyc‘ilx(y, z)cfg(g, 1) (o

o0

[0342] Substituting the expression for cd1,x8" (y, t) (with-
out spatial averaging, for simplicity),

0 101
Ay, = f dsgy 1)Ly - 5], (1on

[0343] into Eq. (100) leads to
b x(s) x(s) 81 (102)
Py =£ma¢sg1(z—s)c‘f§(7, z) =<Cf§[7, z])T )
[0344] 1In Eq. (102),

e[

[0345] is the result of the rank normalization of the
sequence x(t)/q, with respect to x(t), in the second time
window _,(1-s). P (1) is thus a simple time average (with the
first time weighting function) of this output.

[0346] The probabilistic estimator P (t) can be used in
various practical problems involving comparison of vari-
ables. For example, one of the estimators of changes in a
nonstationary sequence of data can be the ratio of the
medians of the amplitudes of the data sequence, evaluated in
moving time windows of sufficiently different lengths. This
approach is used, for instance, in the method by Dorfmeister
et al. for detection of epileptic seizures (Dorfmeister et al.,
1999, for example). In this method, the onset of a seizure is
detected when the ratio x,;(t)/x,(t), where x,(t) is a median
of the squared signal in the ith window, exceeds a prede-
termined threshold q. It is easy to show that the inequality
x,(t)/x,(t)2q corresponds to the condition
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1 (103)
P = 3

[0347] where P (1) is given by Eq. (102), in which x(t) is
the squared input signal. Thus the computational cost of the
seizure detection algorithm by Dorfmeister et al. can be
greatly reduced, and this algorithm can be easily imple-
mented in an analog device.

17 Analog Rank Filters (ARFs)

[0348] In some applications, one might be interested in
knowing the quantizle function for the signal, that is, in
knowing the value of D (t) such that Cx(D,, t)=q=constant,
where Ci(D,t) is a cumulative distribution function. Thus
D (D) is an output of an analog rank (also order statistic, or
quantizle) filter. For example, D, ,(t) is the output of an
analog median filter. Notice that, since the partial derivatives
of Cx(D, t) with respect to thresholds are nonnegative,
Ci(D,, )=q describes a simple open surface in the threshold
space.

[0349] For amplitudes of a scalar signal, or ensemble of
scalar signals, numerical rank filtering is a well-known tool
in digital signal processing. It is a computationally expen-
sive operation, even for the simple case of a rectangular
moving window. First, it requires knowing, at any given
time, the values of N latest data points, where N is the length
of the moving window, times the number of signals in the
ensemble, and the numerical and chronological order of
these data points. In addition to the computational difficul-
ties due to the digital nature of their definition, this memory
requirement is another serious obstruction of an analog
implementation of rank filters, especially for time weighting
windows of infinite duration. Another computational burden
on different (numerical) rank filtering algorithms results
from the necessity to update the numerically ordered list,
i.e., to conduct a search. When the sampling rate is high, N
can be a very large number, and numerical rank filtering, as
well as any analog implementation of digital algorithms,
becomes impractical.

[0350] In AVATAR, the output of a rank filter for a scalar
variable is defined as the threshold coordinate of a level line
of the cumulative distribution function. Since the partial
derivatives of the latter with respect to both threshold and
time are enabled by definition, the transition from an implicit
Ci(D,, )=q form to the explicit Dg=Dq(t) can be made, for
example, through the differential equation given by Eq. (11)
(see Bronshtein and Semendiaev, 1986, p. 405, Eq. (4.50),
for example). The differentiability with respect to threshold
also enables an explicit expression for the output of a rank
filter, for example, through Eq. (23). Thus AVATAR enables
implementation of order statistic analysis in analog devices,
and offers significant improvement in computational effi-
ciency of digital order statistic processing.

18 Analog Rank Filters of Single Scalar Variable

[0351] AVATAR enables two principal approaches to ana-
log rank filtering, unavailable in the prior art: (1) an explicit
analytical expression for the output of an ARF, and (2) a
differential equation for this output. In this section, we
briefly describe these two approaches.
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18.1 Explicit Expression for Output of Analog
Rank Filter

[0352] An explicit expression for the output of an analog
rank filter can be derived as follows. Notice that

00 104
Dq:f dDDS(D - D,), (104

[0353] where D is a root of the function Cy(D, t)—q,
O<qg<l1. Since, at any given time, there is only one such root,
we can use Eq. (27) (Rumer and Ryvkin, 1977, p. 543, for
example) to rewrite Eq. (104) as

°° 105
D= [ d DD D D0IC(D, 1 ~q) = (o)

~ (Deg (D, D8 FaglCx (D, D= g2,

[0354] where we replaced the Dirac d-function 3(x) by the
response of a probe 8 F (%), and used the shorthand nota-
tion of Eq. (87) for the threshold integral. Note that the rank
filter represented by Eq. (105) can be implemented by
continuous action machines as well as by numerical com-
putations.

[0355] FIG. 36 illustrates the relationship between the
outputs of a rank filter and the level lines of the amplitude
distribution of a scalar signal. Panel I of the figure shows the
input signal x(t) on the time-threshold plane. This signal can
be viewed as represented by its instantaneous density d[D-
x(t)]. Threshold integration by the discriminator F,n(D)
transforms this instantaneous density into the threshold
averaged distribution F,[D-x(t)] (Panel II). This distribu-
tion is further averaged with respect to time, and the
resulting distribution B(D, t)=(F,5[D-x(s)]yr is shown in
Panel III. The quartile level lines are computed as the
outputs of the rank filter given by Eq. (105), and are plotted
in the same panel. Panel IV shows the input signal x(t), the
level lines of the amplitude distribution for q=%, %, and %
(gray lines), and the outputs of a digital rank order filter
(black lines). It can be seen from this panel that the outputs
of the respective analog and digital rank filters are within the
width parameter AD of the discriminator.

[0356] FIG. 37 repeats the example of FIG. 36 for the
respective analog and digital median filters for the discrete
input signals. The instantaneous density of a discrete signal
can be represented by [D-x(1)]2;5(t-t;), as shown in Panel
I. Panel II shows the threshold averaged distribution F,
[D-x(t)]Z;3(t-t;), and Panel IIT of the figure compares the
level line B(D, t)=(F ,p[D-x(s)]2;0(s-1;) y =% (solid black
line) with the respective output of a digital median filter
(white dots).

[0357] FIG. 38 shows a simplified schematic of a device
for analog rank filtering according to Eq. (105).

18.2 Differential Equation for Output of Analog
Rank Filter

[0358] Substituting the expression for the modulated
cumulative threshold distribution function, Eq. (64), into Eq.
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(18), we arrive at the differential equation for an analog rank
filter of a single scalar variable as follows:

_ 3:CkDy 0 _ (Kh[a= ChDg 1] (106)

T k(D) T (KD D)

[0359] where the dots over D, and h denote the time
derivatives, and we used the fact that CKh(Dq, t)=q. In Eq.
(106) we used the superscripts h and h to indicate the
particular choice of the time weighting functions in the time
integrals.

[0360] Notice that if h(t) is a time impulse response of an
analog filter, then Eq. (106) can be solved in an analog
circuit, provided that we have the means of evaluating
Cx"(D,t) and c"(D, ). The example in FIG. 39 shows a
simplified schematic of such a device for analog rank
filtering. Module I of the device outputs the signal (K
1'[q-C (D, 1], and Module II estimates (Kyp"c,"(D,, 1).
The outputs of Modules I and II are divided to form D (1),
which is integrated to produce the output of the filter D (t).

[0361] Notice also that in the absence of time averaging

cx(Dg H=c®(Dg H=0pFAp[Dy()-x(1)], (107)
[0362] and

9,Cx(Dy t)=8‘CK6(Dq, D=—3(0)=0pF Ap D(O)-x(1), (108)
[0363] and thus Eq. (106) is still valid, although it leads to

the trivial result D (t)=x(t) for any value of q.

19 RC,, Analog Rank Filters

[0364] Since RC,, time impulse response functions com-
monly appear in various technical solutions, and are easily
implementable in analog machines as well as in software,
they are a natural practical choice for h(t). In addition, the
exponential factor in these time weighting functions allows
us to utilize the fact that (e¥)'=e™, and thus to simplify
various practical embodiments of AVATAR. Substitution of
Egs. (58) and (59) into Eq. (106) leads to the following
expressions for the analog rank filters:

- <K>;’_n—l [q _ C;én—l (an [)] (109)
! TR Dy, D

[0365] for n21, and

_ Klg-Fap(Dg = x)] (110

- hy
T(K)P ¢ (D, 1)

[0366] for the exponentially forgetting (RC,,) filter.

20 Adaptive Analog Rank Filters (AARFs)

[0367] For practical purposes, the averages (f.[ D(t)—x(s)]
) and (Fg[D(s)-x(s)]yr in the expressions for analog rank

Iters can be replaced by (fg[D(s)-x(s)kr and
(Fr[D(s)-x(s)]y, respectively. However, since we allow the
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variable x(t) to change significantly over time, the size of the
characteristic volume R needs to be adjusted in accordance
with these changes, in order to preserve the validity of these
approximations. For instance, the adaptation scheme can be
chosen as

AD=AD(f)=c+70(D), a11)

[0368] where € is the minimal desired absolute resolution,
o is the variance of the input signal, 0°(t)=K,,-K;,>, and
r<<1 is a small positive number. As a rule of thumb, r should
be inversely proportional to the characteristic time T of the
time weighting function. Other adaptation schemes can be
used as needed. The preferred generic adaptation should be
such that the width parameter AD(t) is indicative of vari-
ability of D (t). For example, such adaptation can be as

AD=AD()=e+7{Dg*()r~{Dg(N 1], (112)

[0369] where € is the minimal desired absolute resolution,
and r<<1 is a small positive number.

[0370] Then the equation for adaptive analog rank filters
(AARFs) reads as

K6~ (K FapwlDy(s) = x(s) (13)

T (K)p Fapis[Dgls) — x(s))E

[0371] and in the special (due to its simplicity) case of the
exponentially forgetting (RC,) filter, as

b - Kla=Fapw(Dy =] (114)
T T(K ()3 Fais [Dg(s) - x(s) )

[0372] FIG. 40 shows a simplified diagram of the imple-
mentation of Eq. (113) in an analog device, with the adap-
tation according to Eq. (111). Module I takes the outputs of
Modules II and III as inputs. The output of Module I is also
a feedback input of Module II. Module IV outputs AD(t),
which is used as one of the inputs of Module II (the width
parameter of the discriminator and the probe) for adaptation.

[0373] When Eq. (113) is used for the implementations of
the RC,, time window ARFs, the resulting algorithms do not
only allow easy analog implementation, but also offer sig-
nificant advantages in numerical computations. Since
numerical RC -filtering requires only n+1 memory regis-
ters, an RC,, moving window adaptive ARF for an arbitrary
associated signal K(t), regardless of the value of the time
constant T, requires remembering only 6n+4 data points, and
only 3n+1 without adaptation. An easy-to-evaluate threshold
test function can always be chosen, such as Cauchy. This
extremely low computational cost of AARFs allows their
usage (either in analog or digital implementations) in sys-
tems and apparatus with limited power supplies, such as on
spacecraft or in implanted medical devices.

[0374] FIG. 41 compares the quartile outputs (for g=0.25,
0.5, and 0.75 quantiles) of the Cauchy test function RC,;
AAREF for signal amplitudes with the corresponding con-
ventional square window digital order statistic filter. The
outputs of the AARF are shown by the thick black solid
lines, and the respective outputs of the square window order
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statistic filter are shown by the thin black lines. The time
constant of the impulse response of the analog filter is T, and
the corresponding width of the rectangular window is 2a.T,
where o is the solution of the equation a-In(1+c)=In(2).
The incoming signal is shown by the gray line, and the
distance between the time ticks is equal to 2aT.

20.1 Alternative Embodiment of AARFs

[0375] Insome cases, after conducting the time averaging
in the equation for the AARF, Eq. (113), this expression
loses the explicit dependence on the quantile value q. This
will always be true, for example, for the case of a rectangular
time weighting function and a constant K. This difficulty can
be easily overcome by observing that

. Ay
Ck(Dygs 1) = lim (Cx(Dy. N (115)

[0376] which leads to the approximate expression for the
partial time derivative of Cy(D,, ) as

1 (116
9, Cx(Dg> D) ~ 17 [Cx(Dg. ) - 4l

[0377] Thus Eq. (113) can be written for this special case
as

o K~ (KT apig[Dg (0 = x(s)D 1
T AT{(K(5)p Fan [Dy(0) - xis)l)0.

[0378] where AT is small.

[0379] Note that a numerical algorithm resulting from
rewriting Eq. (106) as

; g—Cg(Dy, 1) (118)
Dy = ——
AT{ck(Dg, SHaT

[0380] will essentially constitute the Newton-Raphson
method of finding the root of the function Cr(D,, t)—q=0
(Press et al., 1992, for example).

[0381] FIG. 42 compares the quartile outputs (for g=0.25,
0.5, and 0.75 quantiles) of the Cauchy test function square
window AARF for signal amplitudes with the corresponding
conventional square window digital order statistic filter. The
outputs of the AARF are shown by the black solid lines, and
the respective outputs of the square window order statistic
filter are shown by the dashed lines. The widths of the time
windows are T in all cases. The incoming signal is shown by
the gray line, and the distance between the time ticks is equal
to T.

[0382] The alternative embodiment of the AARF given by
Eq. (117) is especially useful when an AARF is replacing a
conventional square window digital order statistic filter, and
thus needs to replicate this filter’s performance. Another
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way of emulating a digital rank order filter by a means of
analog rank selectors will be discussed later in the disclo-
sure.

21 Densities and Cumulative Distributions for
Ensembles of Variables

[0383] Inwvarious practical problems, it is often convenient
to express the measured variable as an ensemble of vari-
ables, that is, as

119
0 = f dyun(n, o), (e

[0384] where n(y) du is the weight of the uth component
of the ensemble such that

f dypn() = 1.

[0385] For such an entity, the threshold averaged instan-
taneous density and cumulative distribution can be written
as

ad 120
BD: 1. () = f dpn( fe[D - x,0], (120)

and

o0 121
B(D; 1, n() = f dpn)TrlD - x,(1)], (2

—ca

[0386] respectively. We will use these equations further to
develop practical embodiments of analog rank selectors.

[0387] Egs. (120) and (121) lead to the expressions for the
respective modulated density and cumulative distributions
as

i e (Ku()fRID = x,()D 1 (122)
cg(Ds 1, n(p) = £m d#”(M)W

and

(Ku(FRID = x,()])y (123)

Cx(Ds 1, n(w) = r dun(y) Ko
—c0 n\> )y

[0388] The definitions of Egs. (122) and (123) will be used
further to develop the AARFs for ensembles of variables.

22 Analog Rank Selectors (ARSs)

[0389] Let us find a gth quantile of an equally weighted
discrete set of numbers {x, }. Substitution of Egs. (122) and
(123)
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(with n () =

1 N
72, 0=

i

[0390] into Eq. (22) leads to the embodiment of an analog
rank selector as

. No= D, Fanlrg —x) (124

—X, .
da™ " [1 - (1 - g)e 013 9p Fan(x —x1)

[0391] FIG. 43 illustrates finding a rank of a discrete set
of numbers according to Eq. (124). Five numbers X, are
indicated by the dots on the X-axis of the top panel. The
solid line shows the density resulting from the threshold
averaging with a Gaussian test function, and the dashed lines
indicate the contributions into this density by the individual
numbers. The solid line in the middle panel plots the
cumulative distribution. The crosses indicate x () and
Fap[x ()] at the successive integer values of the parameter
a.. The bottom panel plots the evolution of the value of x (ct)
in relation to the values of x,.

[0392] If we allow the variables to depend on time,
{x,}={x,(D)}, then a convenient choice for the parameter is
the time itself, and we can use Egs. (19) through (21) to
develop (instantancous) analog rank selectors. Setting

grr. 0 = f " da prie— )b, @, n) = (bx: o nyt, 2

o0

[0393] we can rewrite Eq. (21) as

(" _ (126)
I L dedere D g o e
erlr M.l T bl @ n@)e

kg=-—

[0394] For example, choosing ¢(t—-a) in Eq. (125) as

L o (127
pri—a)= 7€ 0t —a)=ho(t - @)
[0395] leads to the relation
lim gr(x, 1) = (128)
e /T
tim © f o bl 0 ) = b £ )
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[0396] Then the equation for a discrete ensemble analog
rank selector reads as follows:

129
g- 3 nFaple, 0 - 5] 42
T i

= ¢ =

f dae*Ty, mi0p Faplrg(@) — x;(a)]

—ca

Aq

q- Z mFaplxg(t) — x;(0)]

{5 mdb Fanlr, s - x6))

Ry
T

[0397] where T is assumed to be small. For digitally
sampled data, T should be several times the sampling
interval At. FIG. 44 provides a simple example of perfor-
mance of an analog rank selector for an ensemble of
variables. In Panel I, the solid line shows the 3rd octile of a
set of four variables (x,(t) through x,(t), dashed lines),
computed according to Eq. (129). In Panel II, the solid line
shows the median (q=" in Eq. (129)) of the ensemble. The
thick dashed line plots the median digitally computed at
each sampling time. The time constant of the analog rank
selector is ten times the sampling interval.

[0398] Obviously, when {x,(t)}={x(t-iAt)} and n;=I/N,
Eq. (129) emulates an N-point square window digital order
statistic filter. Emulation of digital order statistic filters with
arbitrary window is done by replacing the (uniform) weights
1/N by n;, Zn;=1. An expert in the art will recognize that any
digital rank filter in any finite or infinite time window can be
emulated through this technique. FIG. 45 compares quartile
outputs (for g=0.25, 0.5, and 0.75 quantiles) of a square
window digital order statistic filter (dashed lines) with its
emulation by the Cauchy test function ARS (solid black
lines). The incoming signal is shown by the gray line, and
the distance between the time ticks is equal to the width of
the time window T.

[0399] FIG. 46 shows a simplified schematic of a device
(according to Eq. (129)) for analog rank selector for three
input variables.

23 Adaptive Analog Rank Filters for Ensembles of
Variables

[0400] The equation for AARFs, Eq. (113), can be easily
rewritten for an ensemble of variables. In particular, for a
discrete ensemble we have

; ; (130)
oY k) (3 mkis Fape 0y~ 505

. i i
D, r Ly

= n
(£ 1iKi(519D T [Dy(5) = 561
: T

g =

[0401] For a continuous ensemble, the summation X; is
simply replaced by the respective integration.

[0402] FIG. 47 provides an example of performance of
AAREFs for ensembles of variables. This figure also illus-
trates the fact that counting densities do not only reveal
different features of the signal than do the amplitude den-
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sities, but also respond to different changes in the signal. The
figure shows the outputs of median AARFs for an ensemble
of three variables. The input variables are shown by the gray
lines. The thicker black lines in Panels I and II show the
outputs of the median AARFs for amplitudes, and the
thinner black lines in both panels show the outputs of the
median AARFs for counting densities. All AARFs employ
Cauchy test function and RC, , time averaging. The distance
between the time ticks in both panels is equal to the time
constant of the time filters.

24 Modulated Threshold Densities for Scalar Fields

[0403] In treatment of the variables which depend, in
addition to time, on the spatial coordinates a, the threshold
and the time averages need to be complemented by the
spatial averaging. For example, the modulated threshold
density of a variable representing a scalar field, x=x(a, t), can
be written as

(K(r, 3 FanlD = 2(r, sk (3D

cxg(Dya, 1)=
) (K(r 5)ih

[0404] Notice that the time and the spatial averaging
obviously commute, that is,

<<...>£>’; = (- = (R (132

[0405] In the next section, we use Eq. (131) to present the
analog rank selectors and analog rank filters for scalar fields.

[0406] FIG. 48 shows a simplified diagram illustrating the
transformation of a scalar field into a modulated threshold
density according to Eq. (131). The sensor (probe) of the
acquisition system has the input-output characteristic dpF,p
of a differential discriminator. The width of the probe is
determined (and may be controlled) by the width, or reso-
lution, parameter AD. The displacement parameter of the
probe D signifies another variable serving as the unit, or
datum. In FIG. 48, the input variable z(x, t) is a scalar field,
or a component of an ensemble of scalar fields. For example,
a monochrome image can be viewed as a scalar field, and a
truecolor image can be viewed as a discrete ensemble of
scalar fields. The output of the probe then can be modulated
by the variable K(x, t), which can be of a different nature
than the input variable. For example, K(x, t)=constant will
lead to the MTD as an amplitude density, and K(x, t)=|z(x,
t)| will lead to the MTD as a counting density/rate. Both the
modulating variable K and its product with the output of the
probe K &D.FD can then be averaged by a convolution with
the time and the space weighting functions h(t; T) and f(x;
R), respectively, leading to the averages (KopF,p[D-2(r, t)]
rr and (K(x, O)yrx™". The result of a division of the latter
verage by the former will be the modulated threshold
density ¢ (D; x, t). Notice that all the steps of this trans-
formation can be implemented by continuous action
machines.

25 Analog Rank Selectors and Analog Rank Filters
for Scalar Fields

[0407] For a scalar field (n-dimensional surface) z=2z(x, t),
where x=(X; . . ., X,) is an n-dimensional vector, Eq. (129)
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can be easily re-written as an RC, 4 analog rank selector/filter
for a scalar field

_ a=Tanlzbe 0 —r, 0D (133)
T8 Fanlza(e. ) 20r. PR

Zq

[0408] where, as before (see Eq. (47)),

¢k =rd”rfR(X—r)---

[0409] denotes the spatial averaging with some test func-
tion fr(x).

[0410] FIG. 49 shows a simplified schematic of a device
according to Eq. (133) for an analog rank filter of a discrete
monochrome surface with 3x3 spatial averaging. The
explicit expression for an ARF, Eq. (105), can be easily
re-written for scalar field variables as

Dyla, 1) = f dD D cg(D; a, D93 FaqlCk(D; a, 1) - ql, (134

[0411] and the differential equation for an adaptive analog
rank filter for a scalar field will read as

K 5VEy (K. W aptas[Dyla, ) — 0 s, (13

Dy(a, 1) = T
(K(r, $)0p Fapa,sDqga, s) = x(r, $)YTa

[0412] where A is the width parameter of the spatial
averaging filter.

25.1 Image Processing: ARSs and ARFs for
Two-Dimensional Digital Surfaces

[0413] The simple forward Euler method (Press et al.,
1992, Chapter 16, for example) is quite adequate for inte-
gration of Eq. (133). Thus a numerical algorithm for analog
rank processing of a monochrome image given by the matrix
Z=7(1) can be written as

O =Qi-1+(@—F)/ fi (136)
F= Z O Fap[Qh-1 = (Zim jn)y ]

mn
N-1
N

fo=g+ St

g= Z OnOp Fan[Qu-1 = Zimm o), ]

mn

[0414] where Q is the qth quantile of Z, and w_ is some
(two-dimensional) smoothing filter, 2 w,, =1. Employing
the Cauchy test function, we can rewrite the algorithm of Eq.
(136) as
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Qe =Qu1+@g-F)/fi 137
11 Okt = Cimm,jn)y_,
F= §+;Zwmnarctan[T]
N-1
Jo=g+ ——fin
1 it =~ G, Y
¢= 35 “’m"{l o[

[0415] FIG. 50 provides a simple example of filtering out
static impulse noise from a monochrome image (a photo-
graph of Werner Heisenberg, 1927) according to the algo-
rithm of Eq. (137). Panel 1 shows the original image Z.
Panel 2 shows the image corrupted by a random unipolar
impulse noise of high magnitude. About 50% of the image
is affected. Panel 3a shows the initial condition for the
filtered image is a plane of constant magnitude. Panels 3b
through 3g display the snapshots of the filtered image Q (the
first decile of the corrupted one, g=Y10) at steps n.

[0416] FIG. 51 illustrates filtering out time-varying
impulse noise from a monochrome image (a photograph of
Jules Henri Poincare) using the algorithm of Eq. (137).
Panels 1a through 1c: Three consecutive frames of an image
corrupted by a random (bipolar) impulse noise of high
magnitude. About 40% of the image is affected. Panels 2a
through 2¢: The image filtered through a smoothing filter, (Z
pi=2m.nWmnZi_m j_n- Panels 3a through 3c: The rank filtered
}mage Q (the median, q=%). The smoothing filter in Eq.
(137) is the same used in Panels 2a through 2c.

26 Modulated Threshold Densities for Vector Field
and Ensemble of Vector Fields

[0417] The equation for the modulated threshold density
of a scalar field, Eq. (131), can be easily extended for a
vector field as

(K, ) falD = xtr, )1}, (138)

D;a, =
ey (Ko,

[0418] where A is the width parameter of the spatial
averaging filter, and for an ensemble of vector fields as

© (Kur, gD =y )y (13
ex(D; a, 1, n(w) = dun(p) Ko =
o 1w\ )iy

[0419] FIG. 52 shows a simplified diagram illustrating the
transformation of a vector field into a modulated threshold
density according to Eq. (139). The sensor (probe) of the
acquisition system has the input-output characteristic fRﬂ of
a differential discriminator. The width of this characteristic
is determined (and may be controlled) by the width, or
resolution, parameter R,. The threshold parameter of the
probe D signifies another variable serving as the unit, or
datum. In FIG. 52, the input variable x,(a, t) is a component
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of an ensemble of a vector field. For example, a truecolor
image can be viewed as a continuous 3D vector field (with
the 2D position vector a). The output of the probe then can
be modulated by the variable K (a, 1), which can be of a
different nature than the input variable. For example, K, (a,
t) constant will lead to the MTD as an amplitude density, and
K (a, =[%(a, t)] will lead to the MTD as a counting
density/rate. Both the modulating variable K,, and its prod-
uct with the output of the probe K fr can then be averaged
by a convolution with the time and the space weighting
functions h(t; T) and f (a; R), respectively, leading to the
averages

(Kyufr, (D - xﬂ))’;ﬂ and <1<ﬂ)’;§,.

[0420] The result of a division of the latter average by the
former will be the modulated threshold density ¢k (D; a, ).
Notice that all the steps of this transformation can be
implemented by continuous action machines.

27 Mean at Reference Threshold for Vector Field

[0421] The equation for the mean at reference threshold,
Eq. (53), can be easily extended for a vector field input
variable K(a, s) as

(K@, $)frID = x(r, ), , (140)
(f7ID = x(ry 1),

{MXK}T'A(D; a, 0=

<ﬁ Ki(r, $)0p, Fap; [D; = x;(r, S)]>

i=1 T.A

_ﬁ dp; Fap; [Di = xi(r, 5)]
i )

T.A

[0422] where A is the width parameter of the spatial
averaging filter.

28 Analog Filters for Quantile Density, Domain,
and Volume (AQDEFs, AQDOFs, and AQVFs)

[0423] Notice that the quantile density, domain, and vol-
ume (Egs. (24) and (25)) are defined for multivariate den-
sities, and thus they are equally applicable to the description
of the scalar variables and fields as well as to the ensembles
of vector fields. The quantile density f (a, t) defined by Eq.
(24), and the quantile volume R (a, t) defined by Eq. (25),
are both good indicators of an overall (threshold) width of
the density f(x; a, t). The analog filters for these quantities
can be developed as follows.

[0424] Tet us denote, for notational convenience, the
density function fi(x; a, t) in Eq. (24) as z(x, t). Notice that

ztr, 0)!, = r & rfx(ra.n=1,

[0425] and thus Eq. (24) can be re-written in terms of a
modulated cumulative threshold distribution of a scalar
field, namely as
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 {atr, DFaplzg@) - 200, t)])f (141)
C,lz5(0); @, 1] = lim .
AD=0 e [)>£o

{2, 9Faplzq(d) — 20, 5)]>g,hr

= Ab%o fh
P (atro )

[0426] Keeping T and AD in Eq. (141) small, but finite,
allows us to write the equation for an Analog Quantile
Density Filter (AQDEF) as

9, C,lz,(0); a, 1] (142)

0=

o0 h
([ arrar ft - a-Fanlzgo - 00 7))

— T

< f @12l 0 Fanlegtt) = 205

h
—o0 T

=~ h
([ derar st = a= Fanlaor - o 5
00 T

< f 2l 5100 Fanlzgls)— 07 5

h
—o0 T

[0427] For the exponentially forgetting (RC,,) time filter,
h=h,, Eq. (142) translates into

= 143
[t 1= 4= Fanlasts) - 200 ) (149

2= L=
T< f & r2(r, )0 Faplzg(s) - 200 s)]>

hy "
T

[0428] When the difference between the density function
z(D, 1) and the quantile density z(t) is the argument of a
discriminator F,p, the resulting quantity S (D; a, t),

Sq(D; @, H)=F ppl=(D, H-240)], (144)

[0429]
surface

can be called a quantile domain factor since the

1
Sq(Dsa, 0= 3

[0430] confines the regions of the threshold space where
2D, )Zz(1). Thus Eq. (144) can be used as the definition
of an Analog Quantile Domain Filter (AQDOF). Integrating
over all threshold space, we arrive at the expression for an
Analog Quantile Volume Filter (AQVF) as follows:

Rya, 1) = r AP rSy(r; a, 1) = {S(rs a, D). (149

[0431] FIG. 53 shows a diagram of a process for the
transformation of the incoming vector field x(a, t) into a
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modulated threshold density cg(D; a, t), and the subsequent
evaluation of the quantile density z (1), quantile domain
factor S(D; a, t), and the quantile volume R (a, t) of this
density.

[0432] FIGS. 54a and 54b show the median densities and
volumes computed for the amplitude and counting densities
of the two signals used in several previous examples (see,
for example, FIGS. (10) through (12b), (14) through (17),
(23), and (27)). These figures compare the median densities
and volumes computed directly from the definitions (Egs.
(24) and (25), gray lines) with those computed through Egs.
(143) and (145) (black lines). Panels 1a, 2a, 1b, and 2b relate
to the amplitude densities, and Panels 3a, 4a, 3b, and 4b
relate to the counting densities.

29 Some Additional Examples of Performance of
ARSs and AARFs

29.1 Comparison of Outputs of RC,; AARFS for
Accelerations, Threshold Crossings, and
Amplitudes

[0433] FIG. 55 shows the quartile outputs (for q=%
through % quantiles) of the RC,, Cauchy test function
AAREFs for the signal amplitudes (Panel I), threshold cross-
ing rates (Panel II), and threshold crossing accelerations
(Panel III). The signal consists of three different stretches, 1
through 3, corresponding to the signals shown in FIG. 9. In
Panels I through III, the signal is shown by the thin black
solid lines, the medians are shown by the thick black solid
lines, and other quartiles are shown by the gray lines. Panel
IV plots the differences between the third and the first
quartiles of the outputs of the filters. The incoming signal
(V1o of the amplitude) is shown at the bottom of this panel.
The distance between the time ticks is equal to the time
constant of the filters T.

29.2 Detection of Intermittency

[0434] FIG. 56 provides an example of usage of AARFs
for signal amplitudes and threshold crossings to detect
intermittency. Panel I illustrates that outputs of AARFs for
signal amplitudes and threshold crossing rates for a signal
with intermittency can be substantially different. The quar-
tile outputs (for q=0.25, 0.5, and 0.75 quantiles) of an AARF
for signal threshold crossing rates are shown by the solid
black lines, and the respective outputs of an AARF for signal
amplitudes, by dashed lines. Panel II shows the median
outputs of AARFs for threshold crossing rates (black solid
lines) and amplitudes (dashed lines), and Panel I1I plots the
difference between these outputs. In Panels I and I1, the input
signal is shown by gray lines.

29.3 Removing Outliers (Filtering of Impulse
Noise)

[0435] One of the most appealing features of the rank
filters is their insensitivity to outliers, although the definition
of outliers is different for the accelerations, threshold cross-
ings, and amplitudes. For signal amplitudes, the insensitivity
to outliers means that sudden changes in the amplitudes of
the signal x(t), regardless of the magnitude of these changes,
do not significantly affect the output of the filter D () unless
these changes persist for about the (1-q)th fraction of the
width of the moving window. The example in FIG. 57
illustrates such insensitivity of median amplitude AARFs
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and ARSs to outliers. The original uncorrupted signal is
shown by the thick black line in the upper panel, and the
signal+noise total by a thinner line. In the middle panel, the
noisy signal is filtered through an RC,, Cauchy test function
median AARF (thick line), and an averaging RC,, filter with
the same time constant (thinner line). The distance between
the time ticks is equal to 10 T, where T is the time constant
of the filters. In the lower panel, the signal is filtered through
an ARS emulator of a 5-point digital median filter (thick
line), and a 5-point running mean filter (thinner line). The
distance between the time ticks is equal to 50 sampling
intervals. Another example of insensitivity of the RC,,
moving window median filter of signal amplitudes to outlier
noise is given in FIG. 58. Outlier noise (Panel I) is added to
the signal shown in Panel II. The total power of the noise is
more than 500 times larger than the power of the signal, but
the noise affects only -25% of the data points. The peri-
odogram of the signal+noise total is shown in Panel III, and
the periodogram of the signal only is shown in Panel IV. The
composite signal is filtered through an ARS emulator of a
10-point digital median filter, and the periodogram of the
result is shown in Panel V.

29.4 Comparison of Outputs of Digital Rank Order
Filters With Respective Outputs of AARFS, ARSS,
and ARFs Based on Ideal Measuring System

[0436] As an additional example of the particular advan-
tage of employing the “real” acquisition systems as opposed
to the “ideal” systems, let us compare the output of a digital
median filter with the respective outputs of AARF, ARS, and
the median filter based on an ideal measuring system.

29.4.1 Respective Numerical Algorithms

[0437] A formal equation for an analog rank filter based on
an ideal measuring system is obviously contained in the
prior art. For example, the equation for a square window
rank filter based on an ideal measuring system is derived as
follows. The time-averaged output of the ideal discriminator
is described by the function (Nikitin et al., 1998, p. 169, Eq.
(38), for example)

1 (146)
.o =(0D-xs)), = 7 [ dsop-xo,
T

1

[0438] which is formally a surface in a three-dimensional
rectangular coordinate system, whose points with the coor-
dinates t, D, and Q satisfy Eq. (146). Thus the output of a
rank filter for the gth quantile is the level line Q(D, t)=q of
this surface. Even though this surface is a discontinuous
surface, it can be formally differentiated with respect to
threshold using the relation dB(x)/dx=03(x) (see, for example,
Eq. (4)). Substitution of Eq. (146) into the equation for the
level line, Eq. (11), leads to the formal expression for the
ideal rank filter in a square window as

8,0, 1) 0D~ (0] -0[D - 21~ T)) (147

DO =5 D - T{[D - x(9)])r
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[0439] which is practically useless since it does not con-
tain q explicitly. This difficulty can be easily overcome by
setting

D, 0= lim (9D~ X))~ (01D - x()]), )0 (148)

[0440] which leads to the approximate expression for the
partial time derivative of Q(D, t) as

1 (149)
30D, 1)~ 1z {(6ID ~ x()Dr - g}

[0441] Since the denominator of Eq. (147) cannot be
numerically computed, we replace (3[D-X(s)]yr by its uni-
modal approximation, for example, by the approximation of
Eq. (70). The combination of this approximation with Egs.
(147) and (149) leads to the numerical algorithm for the
square window (amplitude) rank filter, based on the ideal
measuring system, which can read as follows:

(150)

1 1,\/,1
Dy =D+ — ——E@D— -
n+1 n M, q N‘-ZO (Dy, = %)
1

1 (D, —%,)*
ovar T 202

Jo= —{(M =Dfo1+

M
1 N-1

Ch= ) N,
N i=0
1 N-1

Xn == ) Xn-i
N i=0

[0442] where we set AT equal to MAt, At being the

sampling interval.

[0443] The respective numerical algorithms for the AARF
and ARS are based on the integration of Egs. (117) and
(129), respectively, by the forward Euler method (Press et
al., 1992, Chapter 16, for example). 15

29.4.2 Pileup Signal

[0444] As was discussed in Section 14 (see also the more
detailed discussion in Nikitin, 1998, for example), the uni-
modal approximation of Eq. (70) should be adequate for a
signal with strong pileup effects. Thus one would expect that
a rank filter based on an ideal measuring system might be
satisfactory for such a signal. FIG. 594 compares the
outputs of a digital median filter with the respective outputs
of an AARF (Panel I), an ARS (Panel IT), and an ARF based
on an ideal measuring system (Panel III). In all panels, the
pileup signal is shown by the gray lines, the outputs of the
digital median filter are shown by the dashed black lines, and
the respective outputs of the analog median filters are shown
by the solid black lines. As can be seen from this figure, even
though the AARF and the ARS outperform the median filter
based on an ideal measuring system, the performance of the
latter might still be considered satisfactory.

29.4.3 Asymmetric Square Wave Signal

[0445] For the amplitude density of the asymmetric square
wave signal, shown by the gray lines in FIG. 59b, the
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unimodal approximation of Eq. (70) is a poor approxima-
tion. As a result, the median filter based on an ideal mea-
suring system (solid black line in Panel III) fails to
adequately follow the output of the digital median filter
(dashed line in the same panel). Panels I and II of FIG. 59b
compare the outputs of the digital median filter with the
respective outputs of an AARF (Panel I) and an ARS (Panel
II). In all examples, AT was chosen as T/10, where T is the
width of the rectangular window. This figure illustrates the
advantage of employing the “real” acquisition systems over
the solutions based on the “ideal” systems of the prior art.

29.4.4 Comparison of RC,, AARF with RC,, ARF
Based on Ideal Measuring System

Since conventional digital rank order filters employ rectan-
gular time windows, it is difficult to directly compare the
outputs of such filters with the RC,,, adaptive analog rank
filters. Panel I of FIG. 60 implements such comparison of the
quartile outputs of a digital square window rank filter
(dashed lines) with the respective outputs of the RC,;, AARF
(solid black lines). Panel II of the same figure compares the
quartile outputs of the digital rank filter (dashed lines) with
the respective outputs of the RC,, ARF, based on an ideal
measuring system (solid black lines). The time constants of
the analog filters were chosen as T/2 in both examples. The
incoming signal is shown by the gray lines. Since the
amplitude density of this signal is bimodal, the unimodal
approximation of Eq. (70) does not insure a meaningful
approximation of the respective digital rank filter by the
“ideal” ARF.

30 Summary of Main Transformations

30.1 Modulated Density and Cumulative,
Distribution

[0446] FIG. 1a shows a simplified schematic of the basic
AVATAR system, summarizing various transformations of
an input variable into scalar field variables (e.g., into den-
sities, cumulative distributions, or counting rates), such as
the transformations described by Egs. (52), (54), (55), (56),
(60), (61), (62), (64), (131), and (138) in this disclosure. This
system can be implemented through various physical means
such as electrical or electro-optical hardware devices, as
well as in computer codes (software). The detailed descrip-
tion of FIG. 1a is as follows:

[0447] The system shown in FIG. la is operable to
transform an input variable into an output variable having
mathematical properties of a scalar field of the Displacement
Variable. A Threshold Filter (a Discriminator or a Probe) is
applied to a difference of the Displacement Variable and the
input variable, producing the first scalar field of the Dis-
placement Variable. This first scalar field is then filtered with
a first Averaging Filter, producing the second scalar field of
the Displacement Variable. Without optional modulation,
this second scalar field is also the output variable of the
system, and has a physical meaning of either an Amplitude
Density (when the Threshold Filter is a Probe), or a Cumu-
lative Amplitude Distribution (when the Threshold Filter is
a Discriminator) of the input variable.

[0448] A Modulating Variable can be used to modify the
system in the following manner. First, the output of the
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Threshold Filter (that is, the first scalar field) can be mul-
tiplied (modulated) by the Modulating Variable, and thus the
first Averaging Filter is applied to the resulting modulated
first scalar field. For example, when the Threshold Filter is
a Probe and the Modulating Variable is a norm of the first
time derivative of the input variable, the output variable has
an interpretation of a Counting (or Threshold Crossing)
Rate. The Modulating Variable can also be filtered with a
second Averaging Filter having the same impulse response
as the first Averaging Filter, and the output of the first
Averaging Filter (that is, the second scalar field) can be
divided (normalized) by the filtered Modulating Variable.
The resulting output variable will then have a physical
interpretation of either a Modulated Threshold Density
(when the Threshold Filter is a Probe), or a Modulated
Cumulative Threshold Distribution (when the Threshold
Filter is a Discriminator). For example, when the Threshold
Filter is a Probe and the Modulating Variable is a norm of the
first time derivative of the input variable, the output variable
will have an interpretation of a Counting (or Threshold
Crossing) Density.

30.2 Mean at Reference Threshold

[0449] FIG. 61 illustrates such embodiment of AVATAR
as the transformation of an input variable into a Mean at
Reference Threshold variable (see Egs. (53) and (140)). As
has been previously described in this disclosure, a compari-
son of the Mean at Reference Threshold with the simple time
(or spatial) average will indicate the interdependence of the
input and the reference variables. This transformation can be
implemented by various physical means such as electrical or
electro-optical hardware devices, as well as in computer
codes (software). The detailed description of FIG. 61 is as
follows:

[0450] The system shown in the figure is operable to
transform an input variable into an output Mean at Refer-
ence Threshold variable. A Probe is applied to the difference
of the Displacement Variable and the reference variable,
producing a first scalar field of the Displacement Variable.
This first scalar field is then modulated by the input variable,
producing a modulated first scalar field of the Displacement
Variable. This modulated first scalar field is then filtered
with a first Averaging Filter, producing a second scalar field
of the Displacement Variable. The first scalar field is also
filtered with a second Averaging Filter having the same
impulse response as the first Averaging Filter, and the output
of the first Averaging Filter (that is, the second scalar field)
is divided by the filtered first scalar field. The resulting
quotient is the Mean at Reference Threshold variable.

30.3 Quantile Density, Quantile Domain Factor,
and Quantile Volume

[0451] Among various embodiments of AVATAR, the abil-
ity to measure (or compute from digital data) (1) Quantile
Density, (2) Quantile Domain Factor, and (3) Quantile
Volume for a variable are of particular importance for
analysis of variables. Quantile Density indicates the value of
the density likely to be exceeded, Quantile Domain contains
the regions of the highest density, and Quantile Volume
gives the (total) volume of the quantile domain. The defi-
nitions of these quantities and a means of their implemen-
tation are unavailable in the existing art. FIG. 62 provides
a simplified schematic of transforming an input variable into
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output Quantile Density, Quantile Domain Factor, and
Quantile Volume variables according to Egs. (142), (144),
and (145). Notice that these transformations can be imple-
mented by various physical means such as electrical or
electro-optical hardware devices, as well as in computer
codes (software). The detailed description of FIG. 62 is as
follows:

[0452] The upper portion of FIG. 62 reproduces the
system shown in FIG. la where the threshold filter is a
Probe. The output of such system is either an Amplitude
Density, or a Modulated Threshold Density (MTD). This
density can be further transformed into Quantile Density,
Quantile Domain Factor, and Quantile Volume as described
below.

[0453] Asecond Probe is applied to the difference between
a feedback of the Quantile Density variable and the Ampli-
tude Density/MTD, producing a first function of the Quan-
tile Density variable. This first function of Quantile Density
is then multiplied by the Amplitude Density/MTD, produc-
ing a first modulated function of Quantile Density. The first
modulated function of Quantile Density is then filtered with
a first Time Averaging Filter producing a first time averaged
modulated function of Quantile Density, and integrated over
the values of the Displacement Variable producing a first
threshold integrated function of Quantile Density.

[0454] A first Discriminator, which is a respective dis-
criminator of the second Probe, is applied to the difference
between the feedback of the Quantile Density variable and
the Amplitude Density/MTD, producing a second function
of the Quantile Density variable. A quantile value and the
second function of Quantile Density is then subtracted from
a unity, and the difference is multiplied by the Amplitude
Density/MTD. This produces a second modulated function
of Quantile Density. This second modulated function of
Quantile Density is then filtered with a second Time Aver-
aging Filter having the impulse response of the first deriva-
tive of the impulse response of the first Time Averaging
Filter. This filtering produces a second time averaged modu-
lated function of Quantile Density. This second time aver-
aged modulated function is then integrated over the values
of the Displacement Variable producing a second threshold
integrated function of Quantile Density. By dividing the
second threshold integrated function by the first threshold
integrated function and time-integrating the quotient, the
system outputs the Quantile Density variable. By applying a
second Discriminator to the difference of the Amplitude
Density/MTD and the Quantile Density variable, the latter
variable is transformed into the Quantile Domain Factor
variable. By integrating the Quantile Domain Factor over
the values of the Displacement Variable, the system outputs
the Quantile Volume variable.

30.4 Rank Normalization

[0455] FIG. 63 provides a simplified schematic of such
important embodiment of AVATAR as Rank Normalization
of an input variable with respect to a cumulative distribution
function generated by a reference variable (see, for example,
Eq. (86)). The system shown in FIG. 63 can be implemented
through various physical means such as electrical or electro-
optical hardware devices, as well as in computer codes
(software). The detailed description of FIG. 63 is as follows:

[0456] A Discriminator is applied to the difference of the
Displacement Variable and the reference variable producing
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a first scalar field of the Displacement Variable. This first
scalar field is then filtered with a first Averaging Filter,
producing a second scalar field of the Displacement Vari-
able. A Probe is applied to the difference of the Displace-
ment Variable and the input variable producing a third scalar
field of the Displacement Variable. This third scalar field is
multiplied by the second scalar field and the product is
integrated over the values of the Displacement Variable to
output the Rank Normalized variable.

[0457] A Modulating Variable can be used to modify the
system as follows. First, the output of the Discriminator (that
is, the first scalar field) is modulated by the Modulating
Variable, and thus the first Averaging Filter is applied to the
resulting modulated first scalar field. The Modulating Vari-
able is also filtered with a second Averaging Filter having the
same impulse response as the first Averaging Filter, and the
output of the first Averaging Filter (that is, the second scalar
field) is divided (normalized) by the filtered Modulating
Variable. The resulting Rank Normalized variable will then
have a physical interpretation of the input variable normal-
ized with respect to a MTD of the reference variable.

30.5 Explicit Analog Rank Filter

[0458] FIG. 64 shows a schematic of an explicit Analog
Rank Filter operable to transform an input scalar (or scalar
field) variable into an output Rank Filtered variable accord-
ing to Eq. (105) or Eq. (134). This filtering system can be
implemented by various physical means such as electrical or
electro-optical hardware devices, as well as in computer
codes (software). The detailed description of FIG. 64 is as
follows:

[0459] A first Probe is applied to the difference of the
Displacement Variable and the input variable producing a
first scalar function of the Displacement Variable. This first
scalar function is then filtered by a first Averaging Filter
producing a first averaged scalar function of the Displace-
ment Variable. A Discriminator, which is a respective dis-
criminator of the first Probe, is applied to the difference of
the Displacement Variable and the input variable, producing
a second scalar function of the Displacement Variable. This
second scalar function is then filtered with a second Aver-
aging Filter having the same impulse response as the first
Averaging Filter, producing a second averaged scalar func-
tion of the Displacement Variable.

[0460] A second Probe with a small width parameter is
applied to the difference of a quantile value and the second
averaged scalar function producing an output of the second
Probe. This output is multiplied by the first averaged scalar
function and by the Displacement Variable. This product is
then integrated over the values of the Displacement Variable
producing the output Rank Filtered variable.

[0461] The first scalar function and the second scalar
function can be also modulated by a Modulating Variable,
and the first averaged scalar function and the second aver-
aged scalar function can be divided by the Modulating
Variable filtered with a third Averaging Filter, which third
Averaging Filter has an impulse response identical to the
impulse response of the first and second Averaging Filters.
Then the Rank Filtered variable will correspond to a certain
quantile of the Modulated Cumulative Threshold Distribu-
tion of the input variable.
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30.6 Feedback Analog Rank Filter

[0462] FIG. 65 provides a simplified schematic of a
feedback Analog Rank Filter for a single scalar variable or
a scalar field variable, following the expressions of Egs.
(113) and (135). This filter can be embodied in various
hardware devices such as electrical or electro-optical, or in
computer codes (software). The detailed description of FIG.
65 is as follows:

[0463] A Probe is applied to the difference between a
feedback of the Rank Filtered variable and the input variable
producing a first scalar function of the Rank Filtered vari-
able. This first scalar function is filtered with a first Time
Averaging Filter producing a first averaged scalar function
of the Rank Filtered variable. A Discriminator, which is a
respective discriminator of the Probe, is applied to the
difference between the feedback of the Rank Filtered vari-
able and the input variable producing a second scalar
function of the Rank Filtered variable. This second scalar
function is subtracted from a quantile value, and the differ-
ence is filtered with a second Time Averaging Filter having
the impulse response of the first derivative of the impulse
response of the first Time Averaging Filter, producing a
second averaged scalar function of the Rank Filtered vari-
able. The second averaged scalar function is divided by the
first averaged scalar function, and the quotient is time-
integrated to output the Rank Filtered variable.

[0464] The first scalar function, and the difference
between the quantile value and the second scalar function,
can also be modulated by a Modulating Variable. Then the
Rank Filtered variable will correspond to a certain quantile
of the Modulated Cumulative Threshold Distribution of the
input variable.

[0465] The input variable can also be a scalar field vari-
able. Then averaging by Spatial Averaging Filters with
identical impulse responses may be added to the averaging
by the first and second Time Averaging Filters. These Spatial
Averaging Filters should be operable on the spatial coordi-
nates of the input variable. When modulation by a Modu-
lating Variable is implemented in a system for rank filtering
of a scalar field variable, the Spatial Averaging Filters should
be operable on the spatial coordinates of the input variable
and on the spatial coordinates of the Modulating Variable.

30.7 Analog Rank Filter for Ensemble of Scalar
Variables

[0466] FIG. 66 provides a diagram of a feedback Analog
Rank Filter for a discrete ensemble or scalar variables, as
described by Eq. (130). This filter can be embodied in
various hardware devices such as electrical or electro-
optical, or in computer codes (software). The detailed
description of FIG. 66 is as follows:

[0467] A Probe is applied to each difference between a
feedback of the Rank Filtered variable and each component
of the ensemble of input variables, producing a first
ensemble of scalar functions of the Rank Filtered variable.
Each component of the first ensemble of scalar functions is
multiplied by the weight of the respective component of the
ensemble of input variables, and the products are added
together producing a first scalar function of the Rank Fil-
tered variable. This first scalar function is then filtered with
a first Time Averaging Filter, producing a first averaged
scalar function of the Rank Filtered variable.
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[0468] A Discriminator, which is a respective discrimina-
tor of the Probe, is applied to each difference between the
feedback of the Rank Filtered variable and each component
of the ensemble of input variables producing a second
ensemble of scalar functions of the Rank Filtered variable.
Each difference between a quantile value and each compo-
nent of the second ensemble of scalar functions is multiplied
by the weight of the respective component of the ensemble
of input variables, and the products are summed, which
produces a second scalar function of the Rank Filtered
variable. This second scalar function is further filtered with
a second Time Averaging Filter having the impulse response
of the first derivative of the impulse response of the first
Time Averaging Filter, producing a second averaged scalar
function of the Rank Filtered variable. The second averaged
scalar function is then divided by the first averaged scalar
function, and the quotient is time-integrated to output the
Rank Filtered variable.

[0469] Optional modulation by an ensemble of Modulat-
ing Variables can be added to the system. Then the output of
the Probe (that is, the first ensemble of scalar functions) is
modulated by the ensemble of Modulating Variables (com-
ponent-by-component), and the difference between the
quantile value and the output of the Discriminator (that is,
the difference between the quantile value and the second
ensemble of scalar functions) is modulated by the ensemble
of Modulating Variables (component-by-component).
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BRIEF DESCRIPTION OF FIGURES

[0524] The patent or application file contains at least one
drawing executed in color. Copies of this patent or patent
application publication with color drawing(s) will be pro-
vided by the Office upon request and payment of necessary
fee.

[0525] FIG. 1a. Simplified schematic of basic system for
analysis of variables.

[0526] FIG. 1b. Simplified schematic of basic elements of
system for analysis of variables. A scalar input variable x(t)
(Panel I) is transformed by a discriminator (Panel ITa) and by
a differential discriminator, or probe (Panel IIb), into con-
tinuous functions of two variables, displacement (threshold)
D and time t, as shown in Panels IIIa and IIIb.

[0527] FIG. 2. Input-output characteristics of some exem-

plary discriminators and the respective probes (differential

discriminators).

[0528] FIG. 3. Illustration of the counting process for a
continuous signal. The upper part of the figure shows a
computer generated signal x(t) with crossings of the thresh-
old D at times to. The Heaviside step function of the
difference of the signal x(t) and the threshold D is shown in
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the middle of the figure. The differential of the function
8|x(t)-D| equals =1 at times t, and is shown at the bottom of
the figure. Reproduced from (Nikitin, 1998).

[0529] FIG. 4. Introduction to Modulated Threshold Den-
sity. Consider intersections of a scalar variable (signal) x(t)
in the interval [0, T] with the thresholds {D;}, where
D;,,=D;+AD. The instances of these crossings are labeled as
{t;}, ti 1>t;. The thresholds {D;} and the crossing times {t;}
define a grid. We shall name a rectangle of this grid with the
lower left coordinates (t;, D;) as a s;; box. We will now
identify the time interval At; as t;, ;~t; if the box s;; covers the
signal (as shown), and zero otherwise.

[0530] FIG. 5. Example of using modulated densities for
measuring the input variable K in terms of the reference
variable x. Notice that the amplitude densities of the frag-
ments of the signals x,(t) and x,(t) shown in the left-hand
panels are identical. Notice also that the modulating signals
Ki(t), K,(2), and K4(t) are identical for the respective
modulated densities of the signals x,(t) and x,(t), while the
modulated densities are clearly different. Thus even though
the amplitude densities and the modulating signals are
identical, different reference signals still result in different
modulated densities.

[0531] FIG. 6. Diagram illustrating an optical threshold
smoothing filter (probe).

[0532] FIG. 7. Diagram illustrating transformation of an
input variable into a modulated threshold density.

[0533] FIG. 8. RC,, impulse response functions for n=0
(exponential forgetting), n=1, and n=2.

[0534] FIG. 9a. Amplitude, counting, and acceleration
densities of a signal. The left column of the panels shows the
fragments of three different signals in rectangular windows.
The second column of the panels shows the amplitude
densities, the third column shows the counting densities, and
the right column shows the acceleration densities for these
fragments. This figure illustrates that the acceleration and
counting densities generally reveal different features of the
signal than do the amplitude densities. For the fragment x,(t)
(the upper row of the panels), [%(t)|=constant, and thus the
counting and the amplitude densities are identical. For the
fragment x,(t) (the middle row of the panels), |X(t)|=con-
stant, and thus the acceleration and the amplitude densities
are identical.

[0535] FIG. 9b. Amplitude, counting, and acceleration
densities of a signal. The left column of the panels shows the
fragments of three different signals in rectangular windows.
The second column of the panels shows the amplitude
densities, the third column shows the counting densities, and
the right column shows the acceleration densities for these
fragments. This figure illustrates that the acceleration and
counting densities generally reveal different features of the
signal than do the amplitude densities.

[0536] FIG. 10. Example of time dependent acceleration
densities, threshold crossing rates, and amplitude densities
computed in a 1-second rectangular moving window for two
computer generated non-stationary signals (Panels 1a and
1b). Panels 2a and 2b show the acceleration densities, Panels
3a and 3b show the threshold crossing rates, and Panels 4a
and 4b show the amplitude densities.
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[0537] FIG. 11. Ilustration of applicability of quantile
densities, domains, and volumes to analysis of scalar vari-
ables.

[0538] FIG. 124. Quantile densities, volumes, and
domains displayed as time dependent quantities computed in
a 1-second rectangular sliding window for the signal shown
in Panel 1a of FIG. 10.

[0539] FIG. 12b. Quantile densities, volumes, and
domains displayed as time dependent quantities computed in
a 1-second rectangular sliding window for the signal shown
in Panel 15 of FIG. 10.

[0540] FIG. 13. Phase space densities of a signal. The first
column of the panels in the figure shows the fragments of
three different signals in rectangular windows. The second
column of the panels shows the phase space amplitude
densities, and the third column displays the phase space
counting densities.

[0541] FIG. 14. Example of time dependent phase space
amplitude densities computed according to Eq. (60) in a
1-second rectangular moving window for two computer
generated non-stationary signals shown in Panels 1 and 15
of FIG. 10. The figure plots the level lines of the phase space
amplitude densities (Panels 1@ and 2a), at times indicated by
the time ticks. Panels 1b and 2b show the time slices of these
densities at time t=to. FIG. 15. Example of time dependent
phase space counting rates computed according to Eq. (62)
in a 1-second rectangular moving window for two computer
generated non-stationary signals shown in Panels 1 and 15
of FIG. 10. The figure plots the level lines of the phase space
counting rates (Panels 1a and 2a), at times indicated by the
time ticks. Panels 16 and 2b show the time slices of these
rates at time t=t,.

[0542] FIG. 16. Boundaries of the median domains for the
phase space amplitude densities. The upper panel shows the
boundary for the signal of Panel 1a of FIG. 10, and the
lower panel shows the median domain boundary for the
signal of Panel 15 of FIG. 10.

[0543] FIG. 17. Boundaries of the median domains for the
phase space counting densities. The upper panel shows the
boundary for the signal of Panel 1a of FIG. 10, and the
lower panel shows the median domain boundary for the
signal of Panel 15 of FIG. 10.

[0544] FIG. 18. Schematic statement of the underlying
motivation behind AVATAR.

[0545] FIG. 19. Simplified conceptual schematic of a
possible hardware device for displaying time dependent
amplitude densities of a scalar variable.

[0546] FIG. 20. Simplified conceptual schematic of a
possible hardware device for displaying time dependent
threshold crossing rates of a scalar variable.

[0547] FIG. 21. Ilustration of possible hardware device
for displaying time slices of phase space amplitude densi-
ties.

[0548] FIG. 22. Tlustration of possible hardware device
for displaying time slices of phase space counting rates.

[0549] FIG. 23. Estimator 2(D, 1) of Eq. (63) in g=%10
quantile domain, computed for the two computer generated
nonstationary scalar signals shown in Panels 1a and 1b.
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Panels 2a and 2b display the values of the estimator for
K=[%|, and Panels 3a and 3b display these values for K=|¥].

[0550] FIG. 24. Tllustration of adequacy of the approxi-
mation of Eq. (73) when the signals x(t) and y(t) represent
responses of linear detector systems to trains of pulses with
high incoming rates, Poisson distributed in time.

[0551] FIG. 25. Tllustration of the resulting density as a
convolution of the component densities for uncorrelated
signals. The signals x,(t), X,(t), and x,(t)+X,(t) are shown in
the left column of the panels, and the respective panels in the
right column show the respective amplitude densities. The
signal X,(t) is random (non-Gaussian) noise. In the lower
right panel, the measured density of the combined signal is
shown by the solid line, and the density computed as the
convolution of the densities b;(D) and b,(D) is shown by the
dashed line.

[0552] FIG.26. The amplitude (8(D-z)), and the counting
(([xlyp) ™ |x|8(D-X)yr densities of the fragment of the signal
shown in the upper panel. One can see that the Gaussian
unimodal approximation (dashed lines) is more suitable for
the counting density than for the amplitude density.

[0553] FIG. 27. Example of the usage of the estimator
given by Eq. (92) for quantification of changes in a signal.
The signals are shown in Panels 1a and 1b. The distributions
Ca (D, t) are computed in a 1-second rectangular moving
window as the amplitude (for Panels 2a and 2b) and count-
ing (for Panels 3a and 3b) cumulative distributions. Thus
yo(D are the outputs of the respective rank filters for these
distributions. The estimators Q,.(t; q) are computed as the
outputs of the Gaussian normalizer of Eq. (83). The values
of these outputs for different quartile values are plotted by
the gray (for q=%), black (for q=%), and light gray (for
q=%). In this example, the estimator Q_,(t; q) quantifies the
deviations of Co(D, t) from the respective normal distribu-
tions.

[0554] FIG. 28. Example of usage of rank normalization
for discriminating between different pulse shapes of a vari-
able. Panel I shows the input signal consisting of three
different stretches, 1 through 3, corresponding to the vari-
ables shown in FIG. 9. Panel II displays the difference
between

cho

|tl,r

(1) and C{%(x, 1),

[0555] where the reference signal r is a Gaussian process
with the mean K,, and the variance

2
K20 — Kio-

[0556] and K, are computed for the input signal x(t).
This difference is zero for the first stretch of the input signal,
since for this stretch the amplitude and the counting densi-
ties are identical (see FIG. 9). Panel III displays the differ-
ence between

Jul. 28, 2005

9 (e, 1) and Cx, 1.

[0557] This difference is zero for the second stretch of the
input signal, since for this stretch the amplitude and the
acceleration densities are identical (see FIG. 9). The dis-
tance between the time ticks is equal to the constant T of the
time filter.

[0558] FIG. 29. Additional example of sensitivity of the
difference between two rank normalized signals to the nature
of the reference distributions. Panel I shows the input signal,
and Panel II displays the amplitude density computed in an
RC,, window with the time constant T, equal to the distance
between the time ticks. Panel III plots the difference between

o

|x],7

(x, 0) and C}0(x, 1),

[0559] where the reference signal r is a Gaussian process
with the mean K,, and the variance

2
KZO - KlOa

[0560] computed for the input signal x(t).

[0561] FIG. 30. Simplified flowchart of an analog rank
normalizer.

[0562] FIG. 31. Simplified flowchart of a device for
comparison of two signals by a means of rank normalization.

[0563] FIG. 32. Time averages of the absolute values of
the differences,

(|cRe, = o x, o)),

[0564] for K=|%| and K=| %|, for the variable shown above
the panel of the figure. The distance between the time ticks
is equal to the time constants T of the filtering windows.

[0565] FIG. 33. Illustration of sensitivity of the amplitude
and counting phase space densities to differences in the
signal’s wave form. The panels in the left column show the
sound signals for several letters of the alphabet. The top
signals in the individual panels are the original input signals.
The normalized input signals and their normalized first
derivatives, respectively, are plotted below the original input
signals. The middle column of the panels shows the ampli-
tude, and the right column the counting densities of these
pairs of normalized signals.

[0566] FIG. 34. Panel I: The original speech signal “Phase
Space” is shown in the top of the panel. This signal is
normalized with respect to a Gaussian process with the mean
and variance of the original signal in a moving rectangular
window of 45 ms, and the result is plotted just below the
original signal. The bottom of the panel shows the time
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derivative of the speech signal, normalized the same way.
Panel II: Time slices of the threshold density ¢(D,, D, 1),
where x and y are the normalized original signal and its
normalized derivative, respectively, and ¢(D,, D, t) is their
amplitude density in the time window 45 ms. The slices are
taken approximately through the middles of the phonemes.
Panel III: Time slices of the cumulative distribution C(D,,
D, t), where x and y are the normalized original signal and
its normalized derivative, respectively, and C(D,, D, t) is
their distribution in the time window 45 ms. The slices are
taken approximately through the middles of the phonemes.
Panel IV: The value of the estimator of a type of Eq. (94),
where the reference distribution is taken as the average
distribution computed in the neighborhood of the phonemes

[P ]

a

[0567] FIG. 35. Outline of an optical speech recognition
device.

[0568] FIG. 36. Illustration of the relationship between
the outputs of a rank filter and the level lines of the
amplitude distribution of a scalar signal. Panel I shows the
input signal x(t) on the time-threshold plane. This signal can
be viewed as represented by its instantaneous density d[D-
x(t)]. Threshold integration by the discriminator F,n(D)
transforms this instantaneous density into the threshold
averaged distribution F,[D-x(t)] (Panel II). This distribu-
tion is further averaged with respect to time, and the
resulting distribution B(D, t)=(f,p[D-x(s)])r is shown in
Panel III. The quartile level lines are computed as the
outputs of the rank filter given by Eq. (105), and are plotted
in the same panel. Panel IV shows the input signal x(t), the
level lines of the amplitude distribution for q=%, %, and %
(gray lines), and the outputs of a digital rank order filter
(black lines).

[0569] FIG. 37. Example of FIG. 36, repeated for the
respective analog and digital median filters for the discrete
input signals. The instantaneous density of a discrete signal
can be represented by d[D-x(t) |2 (t-t;), as shown in Panel I.
Panel IT shows the threshold averaged distribution 3[D-x(t)]
2,0(t-t;), and Panel IIT of the figure compares the level line
B(D, t)=(F ,p[D-x(s)]2;3(s-t,)y="% (solid black line) with
the respective output of a digital median filter (white dots).

[0570] FIG. 38. Simplified schematic of a device for
analog rank filtering.

[0571] FIG. 39. Simplified schematic of a device for
analog rank filtering. Module I of the device outputs the
signal (K)Th[q—C>K(Dq, t)], and Module II estimates (K
Tthh(Dq, t). The outputs of Modules I and II are divided to
Yorm D (1), which is integrated to produce the output of the
filter D (1).

[0572] FIG. 40. Simplified schematic of the implementa-
tion of Eq. (113) in an analog device, with the adaptation
according to Eq. (111). Module I takes the outputs of
Modules II and III as inputs. The output of Module I is also
a feedback input of Module II. Module IV outputs AD(t),
which is used as one of the inputs of Module II (the width
parameter of the discriminator and the probe) for adaptation.

[0573] FIG. 41. Comparison of the quartile outputs (for
q=0.25, 0.5, and 0.75 quantiles) of the Cauchy test function
RC,; AAREF for signal amplitudes with the corresponding
conventional square window digital order statistic filter. The
outputs of the AARF are shown by the thick black solid
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lines, and the respective outputs of the square window order
statistic filter are shown by the thin black lines. The time
constant of the impulse response of the analog filter is T, and
the corresponding width of the rectangular window is 2a.T,
where a is the solution of the equation c.~In(1+c)=In(2). The
incoming signal is shown by the gray line, and the distance
between the time ticks is equal to 2aT.

[0574] FIG. 42. Comparison of the quartile outputs (for
q=0.25, 0.5, and 0.75 quantiles) of the Cauchy test function
square window AARF for signal amplitudes with the cor-
responding conventional square window digital order sta-
tistic filter. The outputs of the AARF are shown by the black
solid lines, and the respective outputs of the square window
order statistic filter are shown by the dashed lines. The
widths of the time windows are T in all cases. The incoming
signal is shown by the gray line, and the distance between
the time ticks is equal to T.

[0575] FIG. 43. Finding a rank of a discrete set of num-
bers according to Eq. (124). Five numbers Xx; are indicated by
the dots on the X-axis of the top panel. The solid line shows
the density resulting from the spatial averaging with a
Gaussian test function, and the dashed lines indicate the
contributions into this density by the individual numbers.
The solid line in the middle panel plots the cumulative
distribution. The crosses indicate x () and F,p[x, ()] at
the successive integer values of the parameter .. The bottom
panel plots the evolution of the value of Xq(al) in relation to
the values of x;.

[0576] FIG. 44. Analog rank selection for an ensemble of
variables. In Panel I, the solid line shows the 3rd octile of a
set of four variables (x; (t) through x, (t), dashed lines),
computed according to Eq. (129). In Panel II, the solid line
shows the median (q=" in Eq. (129)) of the ensemble. The
thick dashed line plots the median digitally computed at
each sampling time. The time constant of the analog rank
selector is ten times the sampling interval.

[0577] FIG. 45. Comparison of the quartile outputs (for
q=0.25, 0.5, and 0.75 quantiles) of a square window digital
order statistic filter (dashed lines) with its emulation by the
Cauchy test function ARS (solid black lines). The incoming
signal is shown by the gray line, and the distance between
the time ticks is equal to the width of the time window T.

[0578] FIG. 46. Simplified schematic of a device (accord-
ing to Eq. (129)) for analog rank selector for three input
variables.

[0579] FIG. 47. Example of performance of AARFs for
ensembles of variables. This figure also illustrates the fact
that counting densities do not only reveal different features
of the signal than do the amplitude densities, but also
respond to different changes in the signal. The figure shows
the outputs of median AARFs for an ensemble of three
variables. The input variables are shown by the gray lines.
The thicker black lines in Panels I and II show the outputs
of the median AARFs for amplitudes, and the thinner black
lines in both panels show the outputs of the median AARFs
for counting densities. All AARFs employ Cauchy test
function and RC, 4 time averaging. The distance between the
time ticks in both panels is equal to the time constant of the
time filters.

[0580] FIG. 48. Diagram illustrating transformation of a
scalar field into a modulated threshold density.
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[0581] FIG. 49. Simplified schematic of a device (accord-
ing to Eq. (133)) for analog rank filter of a discrete mono-
chrome surface with 3x3 spatial averaging. FIG. 50. Filter-
ing out static impulse noise from an image according to the
algorithm of Eq. (137). Panel 1: The original image Z. Panel
2: The image corrupted by a random unipolar impulse noise
of high magnitude. About 50% of the image is affected.
Panel 3a: The initial condition for the filtered image is a
plane of constant magnitude. Panels 3b through 3g: The
snapshots of the filtered image Q (the first decile of the
corrupted one, q="10) at steps n.

[0582] FIG. 51. Filtering out time-varying impulse noise
according to the algorithm of Eq. (137). Panels 1a through
1c: Three consecutive frames of an image corrupted by a
random (bipolar) impulse noise of high magnitude. About
40% of the image is affected. Panels 2a through 2c: The
image filtered through a smoothing filter, (Zy,; =X, \w,,,Z;_
mj-n. Panels 3a through 3c¢: The rank filtered image Q (the
median, g=Y2). The smoothing filter in Eq. (137) is the same
used in Panels 2a through 2c.

[0583] FIG. 52. Diagram illustrating transformation of a
vector field into a modulated threshold density.

[0584] FIG. 53. Diagram of a process for the transforma-
tion of the incoming vector field x(a, t) into a modulated
threshold density ci(D; a, t), and the subsequent evaluation
of the quantile density z (1), quantile domain factor S (D; a,
1), and the quantile volume R (a, t) of this density.

[0585] FIG. 54a. Comparison of the median densities and
volumes computed directly from the definitions (Egs. (24)
and (25), gray lines) with those computed through Egs.
(143) and (145) (black lines). Panels 1a and 24 relate to the
amplitude densities, and Panels 3¢ and 4a relate to the
counting densities.

[0586] FIG. 54b. Comparison of the median densities and
volumes computed directly from the definitions (Egs. (24)
and (25), gray lines) with those computed through Egs.
(143) and (145) (black lines). Panels 15 and 2b relate to the
amplitude densities, and Panels 3b and 4b relate to the
counting densities.

[0587] FIG. 55. Quartile outputs (for g=% through %
quantiles) of the RC,, Cauchy test function AARFs for the
signal amplitudes (Panel I), threshold crossing rates (Panel
II), and threshold crossing accelerations (Panel IIT). The
signal consists of three different stretches, 1 through 3,
corresponding to the signals shown in FIG. 9. In Panels I
through II1, the signal is shown by the thin black solid lines,
the medians are shown by the thick black solid lines, and
other quartiles are shown by the gray lines. Panel IV plots
the differences between the third and the first quartiles of the
outputs of the filters. The incoming signal (Y10 of the
amplitude) is shown at the bottom of this panel. The distance
between the time ticks is equal to the time constant of the
filters T.

[0588] FIG. 56. Detection of intermittency. Panel I illus-
trates that outputs of AARFs for signal amplitudes and
threshold crossing rates for a signal with intermittency can
be substantially different. The quartile outputs (for q=0.25,
0.5, and 0.75 quantiles) of an AARF for signal threshold
crossing rates are shown by the solid black lines, and the
respective outputs of an AARF for signal amplitudes, by
dashed lines. Panel II shows the median outputs of AARFs
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for threshold crossing rates (black solid lines) and ampli-
tudes (dashed lines), and Panel III plots the difference
between these outputs. In Panels I and II, the input signal is
shown by gray lines.

[0589] FIG. 57. Insensitivity of median amplitude AARFs
and ARSs to outliers. The original uncorrupted signal is
shown by the thick black line in the upper panel, and the
signal+noise total by a thinner line. In the middle panel, the
noisy signal is filtered through an RC,, Cauchy test function
median AARF (thick line), and an averaging RC,, filter with
the same time constant (thinner line). The distance between
the time ticks is equal to 10 T, where T is the time constant
of the filters. In the lower panel, the signal is filtered through
an ARS emulator of a 5-point digital median filter (thick
line), and a 5-point running mean filter (thinner line). The
distance between the time ticks is equal to 50 sampling
intervals.

[0590] FIG. 58. Outlier noise (Panel I) is added to the
signal shown in Panel II. The total power of the noise is
more than 500 times larger than the power of the signal, but
the noise affects only =25% of the data points. The peri-
odogram of the signal+noise total is shown in Panel III, and
the periodogram of the signal only is shown in Panel IV. The
composite signal is filtered through an ARS emulator of a
10-point digital median filter, and the periodogram of the
result is shown in Panel V.

[0591] FIG. 59a. Comparison of the outputs of a digital
median filter (dashed lines) with the respective outputs of an
AAREF, an ARS, and an ARFs based on an ideal measuring
system (solid lines), for a signal (gray lines) with strong
pileup effects.

[0592] FIG. 59b. Comparison of the outputs of a digital
median filter (dashed lines) with the respective outputs of an
AAREF, an ARS, and an ARFs based on an ideal measuring
system (solid lines), for an asymmetric square wave signal

(gray lines).

[0593] FIG. 60. Comparison of the quartile outputs of a
digital square window rank filter (dashed lines in both
panels) with the respective outputs of the RC,, AARF (solid
black lines in Panel I), and with the quartile outputs of the
RC,, ARF, based on an ideal measuring system (solid black
lines in Panel II).

[0594] FIG. 61. Schematic of transforming an input vari-
able into an output Mean at Reference Threshold variable.

[0595] FIG. 62. Schematic of transforming an input vari-
able into output Quantile Density, Quantile Domain Factor,
and Quantile Volume variables.

[0596] FIG. 63. Schematic of Rank Normalization of an
input variable with respect to a reference variable.

[0597] FIG. 64. Schematic of an explicit Analog Rank
Filter.

[0598] FIG. 65. Schematic of an Analog Rank Filter for a
single scalar variable or a scalar field variable.

[0599] FIG. 66. Schematic of an Analog Rank Filter for an
ensemble of scalar variables.
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BEST MODES FOR CARRYING OUT THE
INVENTION

1 Main Equations for Practical Embodiments

[0600] (i) Modulated Threshold Density, Eq. (52):

(K$)fr[D = x$)])r

D0 = =k,

[0601] (ii) Mean at Reference Threshold, Eq. (53):

(KO fRID - x(5)])y
Wk, (0.0 = = oD,

<K<s>ﬁ O, Fan, [0 - 3151

i=1 T

<L11[ p; Fap; [Di - x;(s)]>

T

[0602] (iii) Amplitude Density, Eq. (54):

D, 0 = <]_[ O, Fan, [0 =315
i=1

T

[0603] (iv) Counting Density, Eq. (55):

<JZ [JZL;‘)]Z l_jal?; Fap; [Di _x‘.(s)]>
e

i=1

(D, 1) = T

T

[0604] (v) Counting Rates, Eq. (56):

. 2 n
R0 =( |3 [Z] [ 45100, Tan, 101551}

T

[0605] (vi) Phase Space Amplitude Density, Eq. (60):

bD, D, t)=(aDXFADZ[DX_X(S)]aD)-‘DX—x(S)])T'

[0606] (vii) Phase Space Counting Density, Eq. (61):

(D, Dy, 1) =

Jul. 28, 2005
50

-continued

2 2
((5:) (5] 2. 730,10 3610, Fao, s =65
X 2 3 2
BN
W&+,

[0607] (viii) Phase Space Counting Rates, Eq. (62):

T

R(Dy, Dy, 1) =

(V (D02 + (#D.)? 8p, Fap, [D. = )19, Fa, [Ds ~ 5(5)]) .

[0608] (ix) Estimator of Differences in Quantile Domain
Between the Mean at Reference Threshold and the Time
Average, Eq. (63):

[{M. K} (D, 1) = (K)q|

2D, 1) =
? [<K>7|

O fr(D = X)7 = Jg @]

[0609] (x) Modulated Cumulative Distribution, Eq. (64):

(K($)FRID - x(s)]),

D
Cx(D, 1) = Imd reg(r,n= ®onr

[0610] (xi) Rank Normalization With Respect to the Ref-
erence Distribution Cy (D, 1), Eq. (86):
YOl D-x(O)Cxc (D, D)

[0611] (xii) Rank Normalization by a Discriminator With
an Arbitrary Input-Output Response, Eq. (88):

YO = Fryo[ D0 = x0) = | | Fa, 0 [Drit0) = xi(0)

i=1

[0612] (xiii) Rank Normalization of a Scalar Variable by a
Discriminator With an Arbitrary Input-Output Response, Eq.
(89):

o) = T\/m [K10(0) = x(2)].

[0613] (xiv) Estimator of Differences Between Two Dis-
tributions, Eq. (92):

Qap(t; ) = Cply, (@), 1] }
Calyg0,11=¢ '
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[0614] (xv) Statistic for Comparison of Two Distributions,
Eq. (95):

Aw(D = r d"x h(x) H[Ca(x, 1), Cp(x, 1), ca(x, 1), ch(x, 1)]-
[0615] (xvi) Statistic of Cramér-von Mises type, Eq. (97):

Aw(®) = f dCax, OW{Calr, DIWICalx. 1)~ Colx. 1]
8 Culx, 1)
- f dx, .. f dy 2 Ce0 D e e WG (x, 1) = Gyl D]
o e 0x; ... 0x,

= rd”x ca(x, DW[C,4(x, D] W[C,(x, 1) — Cp(x, D)].

—oa

[0616] (xvii) Probabilistic Comparison of Amplitudes, Eq.
(102):

o= [ _asau-oct 2| ={c[FR )

[0617] (xviii) Analog Rank Filter, Eq. (105):

D0 = FJD Deg(D, D8[Cx(D, D) - g

% (Dex (D, 00, FaglCx (D, D ]}

[0618] (xix) Adaptive Analog Rank Filter, Eq. (113):

bo q(K(s))"; —(K(s)Fap(s)[Dq(s) —x(s)])’;
* {(K()p Fapw [Dyls) - xts)])

[0619] (xx) Alternative Embodiment of Adaptive Analog
Rank Filter, Eq. (117):

5 q<K(S)>;l. —{K)Fang D0 - x(s)]Y;
7 AT<<K(S)6D Fans[Dg (1) = X(S)D?')Z(;'

[0620] (xxi) Threshold Averaged Instantancous Density
for a Continuous Ensemble of Variables,

BD: 1. niy) = f d () falD - 0.

[0621] (xxii) Threshold Averaged Instantaneous Cumula-
tive Distribution for a Continuous Ensemble of Variables,
Eq. (121):
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B(D; 1, n(w) = rdﬂ n(WFr[D - x,(0)]-

[0622] (xxiii)) Modulated Density for a Continuous
Ensemble of Variables, Eq. (122):

(K()frID = xu(s)])

cg(Ds 1, ”(M))=rdﬂﬂ(#) 7o)
e W)y

[0623] (xxiv) Modulated Cumulative Distribution for a
Continuous Ensemble of Variables, Eq. (123):

00 K, ($) FrID — x,(5)]
Cr(Ds 1, n(y)) = f apent O THD =50
- <Ku(5)>r

[0624] (xxv) Analog Rank Selector for a Continuous
Ensemble, Eq. (126):

xq(1) )
Im ded;gr(, &) (Bugo(, xq));’

Xy=-— = .
! <bn(u)(‘1’ xq)ﬁi

grlr. x4(0)]

[0625] (xxvi) RC,;, Analog Rank Selector for a Discrete
Ensemble, Eq. (129):

T g = L Faplxg (1) — x;(1)]
[ daeTZindp Faplry(@) - xi(a)]

Xq=

g —Zim Faplxg () — x:(0)]
T(Sinidp Faplxgls) - 1))

[0626] (xxvii) Adaptive Analog Rank Filter for a Discrete
Ensemble of Variables, Eq. (130):

5 AEKON — (K6 s (D) o)
‘ (in: Ki(5)0p Fanes [Dgls)  xi(s)]}

[0627] (xxviii) Modulated Threshold Density for a Scalar
Field, Eq. (131):

(K(r, 98p Fap[D - z(r. )Yet

D;a, = R
ey (Ko s)




US 2005/0165879 Al

[0628] (xxix) RC,, Analog Rank Selector/Filter for a
Scalar Field (n-Dimensional Surface), Eq. (133):

4= (Faplzglr, 0 —20n 0Df
T((dp Fanlzg(x, ) = 20, SN

Zq

[0629] (xxx) Analog Rank Filter for a Scalar Field, Eq.
(134):

Dya.0) = f dD D ex(D; a, 00, FagC (D5 a, 1)~ gl.

[0630] (xxxi) Adaptive Analog Rank Filter for a Scalar
Field, Eq. (135):

g{K(r. )2, = (K(r, P s Dy a ) = x(r, ),

(K(r, )00 FaviasDglas 5) = x(r, )Y,

Dgla, ) =
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[0633] (xxxiv) Modulated Threshold Density for an
Ensemble of Vector Fields, Eq. (139):

o0 (Ky(r, 5) frlD = x,(r, $)]Y3,
cx(D; a, 1, () = f d () — —
© (Kulr, sy

[0634] (xxxv) Mean at Reference Threshold for a Vector
Field Input Variable, Eq. (140):

(K(r, $)frlD = x(r. )7, 4

MK} 4(D; a, 1) = oD =0 D7

<ﬁ Ki(r, 5)0p; Fap;[Di — xi(r, S)]>

i=1 T,A

_ln_l Op; Fap;[D; = xi(r, 5)]
i )

T.A

[0635] (xxxvi) Analog Quantile Density Filter, Eq. (142):

I
< f & rafr, sH1 = g - Faplzg(0) - 207, s>1}>
T

9 Cilzy(0); a, 1] .

L) =—

< f &2, N1 - g = Fanlzg(s) — 20, s>1}>

clzg®; a, 1]

([ dra(r, $)p Faplzg() = 2(r, )1,

h
T

([ drratr, $)9p Faplzgls) - 20 )

[0631] (xxxii) Numerical Algorithm for Analog Rank Pro-
cessing of an Image Given by the Matrix Z=Z(t), Eq. (136):

Q= 1+@-F/f
F = WmnFanlQit = Ziomjn)y_]

mn

N-1
i

g= Z WonOp Fap[Qi-1t = (Zizm,jon)_;]

mn

fo=g+

[0632] (xxxiii) Modulated Threshold Density for a Vector
Field, Eq. (138):

(K(r, )fs[D = x(r, %%y

cx(Dya, 1) =
. (Kir s

[0636] (xxxvii) Analog Quantile Domain Filter, Eq. (144):
Sq(D; @, H)=Fxpl=(D, H-240)]
[0637] (xxxviii) Analog Quantile Volume Filter, Eq. (145):

Ry(a, 1) = r d"rSy(r; a, 1) =(S4(r; a, D)) .

2Articles Of Manufacture

[0638] Various embodiments of AVATAR may include
hardware, firmware, and software embodiments, that is, may
be wholly constructed with hardware components, pro-
grammed into firmware, or be implemented in the form of a
computer program code.

[0639] Still further, the invention disclosed herein may
take the form of an article of manufacture. For example,
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such an article of manufacture can be a computer-usable
medium containing a computer-readable code which causes
a computer to execute the inventive method.

[0640] Regarding the invention being thus described, it
will be obvious that the same may be varied in many ways.
Such variations are not to be regarded as a departure from
the spirit and scope of the invention, and all such modifi-
cations as would be obvious to one skilled in the art are
intended to be included within the scope of the following
claims.

We claim:

1. A method for analysis of variables operable to trans-
form an input variable into an output variable having math-
ematical properties of a scalar field comprising the following
steps:

(a) applying a Threshold Filter to a difference of a
Displacement Variable and an input variable producing
a first scalar field of said Displacement Variable; and

(b) filtering said first scalar field of step (a) with a first
Averaging Filter operable to perform time averaging of
said first scalar field and operable to perform spatial
averaging of said first scalar field producing a second
scalar field of said Displacement Variable.

2. A method for analysis of variables operable to trans-

form an input variable into an output variable as recited in
claim 1 further comprising the step:

modulating said first scalar field of step (a) by a Modu-
lating Variable producing a modulated first scalar field
of said Displacement Variable.

3. A method for analysis of variables as recited in claim
2 wherein said Threshold Filter is a Probe and said Modu-
lating Variable is a norm of a first time derivative of the input
variable, and where said modulated first scalar field is a
Counting Rate.

4. A method for analysis of variables as recited in claim
3 wherein the input variable further comprises a vector
combining the components of the input variable and first
time derivatives of said components of the input variable.

5. A method for analysis of variables as recited in claim
2 further comprising the step: dividing said second scalar
field of step (b) by said Modulating Variable where said
Modulating Variable has been first filtered with a second
Averaging Filter where said second Averaging Filter has an
impulse response identical to the impulse response of said
first Averaging Filter.

6. A method for analysis of variables as recited in claim
5 wherein said Threshold Filter is a Probe and said Modu-
lating Variable is a norm of a first time derivative of the input
variable, and where said second scalar field of step (b) is a
Counting Density.

7. A method for analysis of variables as recited in claim
6 wherein the input variable further comprises a vector
combining the components of the input variable and first
time derivatives of said components of the input variable.

8. A method for analysis of variables as recited in claim
5 wherein said Threshold Filter is a Discriminator and said
Modulating Variable is a norm of a first time derivative of
the input variable, and where said second scalar field of step
(b) is a Cumulative Counting Distribution.

9. A method for analysis of variables as recited in claim
8 wherein the input variable further comprises a vector
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combining the components of the input variable and first
time derivatives of said components of the input variable.

10. A method for analysis of variables as recited in claim
5 wherein said Threshold Filter is a first Probe and where
said second scalar field of step (b) is a Modulated Threshold
Density.

11. A method for analysis of variables as recited in claim
10 wherein the input variable further comprises a vector
combining the components of the input variable and first
time derivatives of said components of the input variable.

12. A method for analysis of variables as recited in claim
10 further comprising the following steps:

(a) applying a second Probe to a difference between a
feedback of a Quantile Density variable and said
Modulated Threshold Density producing a first func-
tion of said Quantile Density variable;

(b) multiplying said first function of Quantile Density of
step (a) by said Modulated Threshold Density produc-
ing a first modulated function of Quantile Density;

() filtering said first modulated function of Quantile
Density of step (b) with a first Time Averaging Filter
producing a first time averaged modulated function of
Quantile Density;

(d) integrating said first time averaged modulated function
of step (¢) over the values of said Displacement Vari-
able producing a first threshold integrated function of
Quantile Density;

(e) applying a first Discriminator to the difference
between the feedback of said Quantile Density variable
and said Modulated Threshold Density variable
wherein said first Discriminator is a respective dis-
criminator of said second Probe producing a second
function of said Quantile Density variable;

(f) subtracting a quantile value and said second function
of Quantile Density of step (g) from a unity and
multiplying the difference by said Modulated Thresh-
old Density producing a second modulated function of
Quantile Density;

(g) filtering said second modulated function of Quantile
Density of step (f) with a second Time Averaging Filter
wherein the impulse response of said second Time
Averaging Filter is a first derivative of the impulse
response of said first Time Averaging Filter producing
a second time averaged modulated function of Quantile
Density;

(h) integrating said second averaged modulated function
of step (g) over the values of said Displacement Vari-
able producing a second threshold integrated function
of Quantile Density; and

(i) dividing said second threshold integrated function of
step (h) by said first threshold integrated function of
step (d) and time-integrating the quotient to output said
Quantile Density variable.

13. A method for analysis of variables as recited in claim

12 further comprising the step:

applying a second Discriminator to the difference of said
Modulated Threshold Density and said Quantile Den-
sity variable to output a Quantile Domain Factor vari-
able.
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14. A method for analysis of variables as recited in claim
13 further comprising the step:

integrating said Quantile Domain Factor variable over the
values of said Displacement Variable to output a Quan-
tile Volume variable.

15. A method for analysis of variables as recited in claim
5 wherein said Threshold Filter is a Discriminator and where
said second scalar field of step (b) is a Modulated Cumu-
lative Threshold Distribution.

16. A method for analysis of variables as recited in claim
15 wherein the input variable further comprises a vector
combining the components of the input variable and first
time derivatives of said components of the input variable.

17. A method for analysis of variables as recited in claim
1 wherein said Threshold Filter is a first Probe and where
said second scalar field of step (b) is an Amplitude Density.

18. A method for analysis of variables as recited in claim
17 wherein the input variable further comprises a vector
combining the components of the input variable and first
time derivatives of said components of the input variable.

19. A method for analysis of variables as recited in claim
17 further comprising the following steps:

(a) applying a second Probe to a difference between a
feedback of a Quantile Density variable and said
Amplitude Density producing a first function of said
Quantile Density variable;

(b) multiplying said first function of Quantile Density of
step (a) by said Amplitude Density producing a first
modulated function of Quantile Density;

(c) filtering said first modulated function of Quantile
Density of step (b) with a first Time Averaging Filter
producing a first time averaged modulated function of
Quantile Density;

(d) integrating said first time averaged modulated function
of step (¢) over the values of said Displacement Vari-
able producing a first threshold integrated function of
Quantile Density;

(e) applying a first Discriminator to the difference
between the feedback of said Quantile Density variable
and said Amplitude Density wherein said first Discrimi-
nator is a respective discriminator of said second Probe
producing a second function of said Quantile Density
variable;

(f) subtracting a quantile value and said second function
of Quantile Density of step (¢) from a unity and
multiplying the difference by said Amplitude Density
producing a second modulated function of Quantile
Density;

(g) filtering said second modulated function of Quantile
Density of step (f) with a second Time Averaging Filter
wherein the impulse response of said second Time
Averaging Filter is a first derivative of the impulse
response of said first Time Averaging Filter producing
a second time averaged modulated function of Quantile
Density;

(h) integrating said second time averaged modulated
function of step (g) over the values of said Displace-
ment Variable producing a second threshold integrated
function of Quantile Density; and
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(i) dividing said second threshold integrated function of
step (h) by said first threshold integrated function of
step (d) and time-integrating the quotient to output said
Quantile Density variable.

20. A method for analysis of variables as recited in claim

19 further comprising the step:

applying a second Discriminator to the difference of said
Amplitude Density and said Quantile Density variable
to output a Quantile Domain Factor variable.
21. A method for analysis of variables as recited in claim
20 further comprising the step:

integrating said Quantile Domain Factor variable over the
values of said Displacement Variable to output a Quan-
tile Volume variable.

22. A method for analysis of variables as recited in claim
1 wherein said Threshold Filter is a Discriminator and where
said second scalar field of step (b) is a Cumulative Ampli-
tude Distribution.

23. A method for analysis of variables as recited in claim
22 wherein the input variable further comprises a vector
combining the components of the input variable and first
time derivatives of said components of the input variable.

24. A method for Rank Normalization of an input variable
with respect to a reference variable comprising the following
steps:

(a) applying a Discriminator to a difference of a Displace-
ment Variable and a reference variable producing a first
scalar field of said Displacement Variable;

(b) filtering said first scalar field of step (a) with a first
Averaging Filter operable to perform time averaging of
said first scalar field and operable to perform spatial
averaging of said first scalar field producing a second
scalar field of said Displacement Variable;

(c) applying a Probe to a difference of said Displacement
Variable and an input variable producing a third scalar
field of said Displacement Variable; and

(d) multiplying said third scalar field of step (c) by said
second scalar field of step (b) and integrating the
product over the values of said Displacement Variable
to output a Rank Normalized variable.

25. A method for Rank Normalization of an input variable
with respect to a reference variable as recited in claim 24
wherein the reference variable is identical to the input
variable.

26. A method for Rank Normalization of an input variable
with respect to a reference variable as recited in claim 24
further comprising the following steps:

(a) modulating said first scalar field of step (a) by a
Modulating Variable; and

(b) dividing said second scalar field variable of step (b) by
said Modulating Variable where said Modulating Vari-
able has been first filtered with a second Averaging
Filter where said second Averaging Filter has an
impulse response identical to the impulse response of
said first Averaging Filter.

27. A method for Rank Normalization of an input variable
with respect to a reference variable as recited in claim 26
wherein the reference variable is identical to the input
variable.
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28. A method for analysis of variables operable to trans-
form an input variable into an output Mean at Reference
Threshold variable comprising the following steps:

(a) applying a Probe to a difference of a Displacement
Variable and a reference variable producing a first
scalar field of said Displacement Variable;

(b) modulating said first scalar field of step (a) by an input
variable producing a modulated first scalar field of said
Displacement Variable;

(¢) filtering said modulated first scalar field of step (b)
with a first Averaging Filter operable to perform time
averaging of said modulated first scalar field and oper-
able to perform spatial averaging of said modulated
first scalar field producing a second scalar field of said
Displacement Variable; and

(d) dividing said second scalar field of step (c) by said first
scalar field of step (a) where said first scalar field has
been first filtered with a second Averaging Filter where
said second Averaging Filter has an impulse response
identical to the impulse response of said first Averaging
Filter producing a Mean at Reference Threshold vari-
able.

29. A method for analysis of variables operable to trans-

form an input scalar field variable into an output Rank
Filtered variable comprising the following steps:

(a) applying a first Probe to a difference of a Displacement
Variable and an input variable producing a first scalar
function of said Displacement Variable;

(b) filtering said first scalar function of step (a) with a first
Averaging Filter operable to perform time averaging of
said first scalar function and operable to perform spatial
averaging of said first scalar function producing a first
averaged scalar function of said Displacement Variable;

(¢) applying a Discriminator to the difference of said
Displacement Variable and the input variable wherein
said Discriminator is a respective discriminator of said
first Probe producing a second scalar function of said
Displacement Variable;

(d) filtering said second scalar function of step (c) with a
second Averaging Filter where said second Averaging
Filter has an impulse response identical to the impulse
response of said first Averaging Filter producing a
second averaged scalar function of said Displacement
Variable;

(e) applying a second Probe to a difference of a quantile
value and said second averaged scalar function of step
(d) wherein the width parameter of said second Probe
is substantially smaller than unity producing an output
of the second Probe; and

() multiplying said output of the second Probe of step (¢)
by said first averaged scalar function of step (b) and by
said Displacement Variable and integrating the product
over the values of said Displacement Variable to output
said Rank Filtered variable.

30. A method for analysis of variables operable to trans-
form an input scalar field variable into an output Rank
Filtered variable as recited in claim 29 wherein said first
scalar function of step (a) and said second scalar function of
step (c¢) are modulated by a Modulating Variable further
comprising the step:
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dividing said first averaged scalar function of step (b) and
said second averaged scalar function of step (d) by said
Modulating Variable where said Modulating Variable
has been first filtered with a third Averaging Filter
where said third Averaging Filter has an impulse
response identical to the impulse response of said first
Averaging Filter and to the impulse response of said
second Averaging Filter.

31. A method for analysis of variables as recited in claim
30 wherein said Modulating Variable is an absolute value of
a first time derivative of the input variable.

32. A method for Rank Filtering operable to transform an
input scalar variable into an output Rank Filtered variable
comprising the following steps:

(a) applying a Probe to a difference between a feedback of
a Rank Filtered variable and an input variable produc-
ing a first scalar function of said Rank Filtered variable;

(b) filtering said first scalar function of step (a) with a first
Time Averaging Filter operable to perform time aver-
aging of said first scalar function producing a first
averaged scalar function of said Rank Filtered variable;

(¢) applying a Discriminator to the difference between the
feedback of said Rank Filtered variable and the input
variable wherein said Discriminator is a respective
discriminator of said Probe producing a second scalar
function of said Rank Filtered variable;

(d) subtracting said second scalar function of step (¢) from
a quantile value and filtering the difference with a
second Time Averaging Filter wherein the impulse
response of said second Time Averaging Filter is a first
derivative of the impulse response of said first Time
Averaging Filter producing a second averaged scalar
function of said Rank Filtered variable; and

(e) dividing said second averaged scalar function of step
(d) by said first averaged scalar function of step (b) and
time-integrating the quotient to output said Rank Fil-
tered variable.

33. A method for analysis of variables as recited in claim
32 wherein said first scalar function of step (a) is modulated
by a Modulating Variable and where the difference between
said quantile value and said second scalar function of step
(c) is modulated by said Modulating Variable.

34. A method for analysis of variables as recited in claim
33 wherein said Modulating Variable is an absolute value of
a first time derivative of the input variable.

35. A method for analysis of variables as recited in claim
34 wherein the width parameter of said Discriminator and
the respective Probe is indicative of variability of said Rank
Filtered variable.

36. A method for analysis of variables as recited in claim
32 wherein the width parameter of said Discriminator and
the respective Probe is indicative of variability of said Rank
Filtered variable.

37. A method for analysis of variables as recited in claim
33 wherein the width parameter of said Discriminator and
the respective Probe is indicative of variability of said Rank
Filtered variable.

38. A method for analysis of variables as recited in claim
32 wherein said input scalar variable is an input scalar field

variable, and wherein filtering said first averaged scalar

function in step (b) to produce said first averaged scalar
function includes filtering with a first Spatial Averaging
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Filter operable on the spatial coordinates of the input vari-
able, and wherein filtering said second averaged scalar
function in step (d) to produce said second averaged scalar
function includes filtering with a second Spatial Averaging
Filter operable on the spatial coordinates of the input vari-
able where said second Spatial Averaging Filter has an
impulse response identical to the impulse response of said
first Spatial Averaging Filter.

39. A method for analysis of variables as recited in claim
38 wherein the width parameter of said Discriminator and
the respective Probe is indicative of variability of said Rank
Filtered variable.

40. A method for analysis of variables as recited in claim
32 wherein said input scalar variable is an input scalar field
variable, and wherein said first scalar function of step (a) is
modulated by a Modulating Variable, and wherein the dif-
ference between said quantile value and said second scalar
function of step (¢) is modulated by said Modulating Vari-
able, and wherein filtering said first averaged scalar function
in step (b) to produce said first averaged scalar function
includes filtering with a first Spatial Averaging Filter oper-
able on the spatial coordinates of the input variable and on
the spatial coordinates of said Modulating Variable, and
wherein filtering said second averaged scalar function in
step (d) to produce said second averaged scalar function
includes filtering with a second Spatial Averaging Filter
operable on the spatial coordinates of the input variable and
on the spatial coordinates of said Modulating Variable where
said second Spatial Averaging Filter has an impulse response
identical to the impulse response of said first Spatial Aver-
aging Filter.

41. A method for analysis of variables as recited in claim
40 wherein said Modulating Variable is an absolute value of
a first time derivative of the input variable.

42. A method for analysis of variables as recited in claim
41 wherein the width parameter of said Discriminator and
the respective Probe is indicative of variability of said Rank
Filtered variable.

43. A method for analysis of variables as recited in claim
40 wherein the width parameter of said Discriminator and
the respective Probe is indicative of variability of said Rank
Filtered variable.

44. A method for Rank Filtering transforming an
ensemble of input scalar variables into an output Rank
Filtered variable comprising the following steps:

(2) applying a Probe to each difference between a feed-
back of a Rank Filtered variable and each component of
an ensemble of input variables producing a first
ensemble of scalar functions of said Rank Filtered
variable;

(b) multiplying each component of said first ensemble of
scalar functions of step (a) by the weight of the respec-
tive component of the ensemble of input variables and
summing the products producing a first scalar function
of said Rank Filtered variable;

() filtering said first scalar function of step (b) with a first
Time Averaging Filter producing a first averaged scalar
function of said Rank Filtered variable;

(d) applying a Discriminator to each difference between
the feedback of said Rank Filtered variable and each
component of the ensemble of input variables wherein
said Discriminator is a respective discriminator of said
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Probe producing a second ensemble of scalar functions
of said Rank Filtered variable;

(e) multiplying each difference between a quantile value
and each component of said second ensemble of scalar
functions of step (d) by the weight of the respective
component of the ensemble of input variables and
summing the products producing a second scalar func-
tion of said Rank Filtered variable;

(f) filtering said second scalar function of step (¢) with a
second Time Averaging Filter wherein the impulse
response of said second Time Averaging Filter is a first
derivative of the impulse response of said first Time
Averaging Filter producing a second averaged scalar
function of said Rank Filtered variable; and

(g) dividing said second averaged scalar function of step
(f) by said first averaged scalar function of step (c¢) and
time-integrating the quotient to output said Rank Fil-
tered variable.

45. A method for analysis of variables as recited in claim
44 wherein step (a) of applying said Probe to each difference
further comprises modulating said first ensemble of scalar
functions by an ensemble of Modulating Variables, and
wherein multiplying each difference in step (e) further
comprises modulating said products by the respective com-
ponents of said ensemble of Modulating Variables, and
wherein the summing in step (e) is summing the modulated
products.

46. A method for analysis of variables as recited in claim
45 wherein the components of said ensemble of Modulating
Variables are absolute values of first time derivatives of the
respective components of the ensemble of input variables.

47. A method for analysis of variables as recited in claim
46 wherein the width parameter of said Discriminator and
the respective Probe is indicative of variability of said Rank
Filtered variable.

48. A method for analysis of variables as recited in claim
45 wherein the width parameter of said Discriminator and
the respective Probe is indicative of variability of said Rank
Filtered variable.

49. A method for analysis of variables as recited in claim
44 wherein the width parameter of said Discriminator and
the respective Probe is indicative of variability of said Rank
Filtered variable.

50. A method for Rank Selecting operable to transform a
scalar field input variable into a scalar field output variable
comprising the following steps:

(a) applying a Probe to a difference between a feedback of
an output variable and an input variable producing a
first scalar function of the output variable;

(b) filtering said first scalar function of step (a) with a
Time Averaging Filter having an exponentially forget-
ting impulse response and a first Spatial Averaging
Filter operable on the spatial coordinates of the input
variable producing a first averaged scalar function of
the output variable;

(¢) applying a Discriminator to the difference between the
feedback of the output variable and the input variable
wherein said Discriminator is a respective discrimina-
tor of said Probe producing a second scalar function of
the output variable;
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(d) filtering the difference between a quantile value and
said second scalar function of step (c) with a second
Spatial Averaging Filter operable on the spatial coor-
dinates of the input variable where said second Spatial
Averaging Filter has an impulse response identical to
the impulse response of said first Spatial Averaging
Filter producing a second averaged scalar function of
the output variable; and

(e) dividing said second averaged scalar function of step
(d) by said first averaged scalar function of step (b) and
by the time constant of the impulse response of said
Time Averaging Filter and time-integrating the quotient
to produce said scalar field output variable.

51. A method for Rank Selecting operable to transform an

ensemble of input scalar variables into an output scalar
variable comprising the following steps:

(2) applying a Probe to each difference between a feed-
back of an output scalar variable and each component
of an ensemble of input variables producing a first
ensemble of scalar functions of the output variable;

(b) multiplying each component of said first ensemble of
scalar functions of step (a) by the weight of the respec-
tive component of the ensemble of input variables and
summing the products producing a first scalar function
of the output variable;

(c) filtering said first scalar function of step (b) by a Time
Averaging Filter having an exponentially forgetting
impulse response producing a first averaged scalar
function of the output variable;

(d) applying a Discriminator to each difference between
the feedback of the output variable and each component
of the ensemble of input variables wherein said Dis-
criminator is a respective discriminator of said Probe
producing a second ensemble of scalar functions of the
output variable;

(e) multiplying each difference between a quantile value
and each component of said second ensemble of scalar
functions of step (d) by the weight of the respective
component of the ensemble of input variables and
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summing the products producing a second scalar func-
tion of the output variable; and

(f) dividing said second scalar function of step (e) by said
first averaged scalar function of step (c) and by the time
constant of the impulse response of said Time Averag-
ing Filter and time-integrating the quotient to produce
the output variable.

52. Amethod for Rank Normalization of an input variable

with respect to a reference variable comprising the following
steps:

(a) determining a measure of central tendency of an
Amplitude Density of a reference variable;

(b) determining a measure of variability of said Amplitude
Density of the reference variable; and

(c) applying a Discriminator to a difference of said
measure of central tendency and the input variable
wherein the width parameter of said Discriminator is
indicative of said measure of variability.

53. Amethod for Rank Normalization of an input variable
with respect to a reference variable as recited in claim 52
wherein the reference variable is identical to the input
variable.

54. A method for Rank Normalization of an input variable
with respect to a reference variable comprising the following
steps:

(a) determining a measure of central tendency of a Modu-
lated Threshold Density of a reference variable;

(b) determining a measure of variability of said Modu-
lated Threshold Density of the reference variable; and

(c) applying a Discriminator to a difference of said
measure of central tendency and the input variable
wherein the width parameter of said Discriminator is
indicative of said measure of variability.

55. Amethod for Rank Normalization of an input variable
with respect to a reference variable as recited in claim 54
wherein the reference variable is identical to the input
variable.



